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Handout: Pointwise and uniform convergence

Let (fn)nen be a sequence of real-valued functions defined on a set S C R. We have the
following notions pertaining to such a sequence.

Pointwise convergence. The sequence (f,,) converges pointwise to a function f (written
fn = fyor lim, o0 fr, = f) if fn(x) converges to f(x), for all z € S. That is:

’Ve>0, Ve e S, IN=N(ex) €N suchthat |fn(z)— f(z)] <k, Vn>N.‘

By properties of limits, if f, — f and g, — ¢, then f, + g, — f+g and f,g, — fg. If all the
functions f, are continuous, and f, — f, there is no guarantee that f is continuous.

Uniform convergence. The sequence (f,,) converges uniformly to f on S (written f, —

f)if
’Ve>0, dN = N(e) € N such that |fu(z) — f(2)]| <e, VxeSanan>N.‘

This condition is equivalent to

lim sup{|fn(z) — f(z)|: 2z € S} =0.

n—oo

By logical negation, the sequence (f,,) does not converges uniformly to f on S if

Je > 0 such that VN € N, 3In> N and 3z € S such that |f,(x) — f(x)] > e,

or, equivalently,

nli_)ngosupﬂfn(a:) — f(z)|:z €S} >0.

It is readily seen that f, — f and g, — ¢, then f,, + g, — f + ¢; in general, though, f,,gn
does not converge uniformly to fg. On the other hand, if f,,: [a,b] — R are continuous, and
fn = f, then f is continuous.

Example 1. Let f,(z) = z/n, for x € R.

(a) fn — 0 pointwise, since, for all z € R, lim,,_,oc z/n = 0 (by the Archimedean property of
the reals).

(b) fn does not converge uniformly to 0 on R. Indeed, take ¢ = 1, and let N € N. Then, for
any n > N, we may take x > n (again by the Archimedean property), so that | f,(xz) — 0] =
x/n > 1. Alternatively,

sup{|fn(z) — 0| : € R} = sup{z/n:z € R} = cc.

Example 2. Let f,(z) =2+ 1/n and f(z) =z, for z € R.
(a) fn — f uniformly on R, since
sup{|fa(z) = f(@)] : 2 € R} = 1/n = 0,
(b) f2 does not converge uniformly to f2 on R (although f2 — f2 pointwise). Indeed,
sup{|f3(x) - fQ(x)| :x € R} =sup{2z + 1/n* : 2 € R} = oco.
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Example 3. Let f,(z) = nze ™" for z € R.

(a) fn — 0 pointwise on R. This is clear for z = 0 (since f,(0) = 0), while for = # 0,
I’Hospital’s rule gives
nx ) x 1 . 1

. 2
> = lim ——5 =— lim —5— =0 (since e® > 1).
n—oo enT n—oo p2ene €T n—oo (393 )n

(b) fn does not converge uniformly to 0 on any interval containing 0. Indeed,

fa(1/3/n) = Vnje "= o
Since any interval containing 0 must contain 1/4/n for some large enough n, we conclude
that |f,| — oo.
(c) On the other hand, f, does converge uniformly to 0 on any interval of the form [a, c0)
with a > 0. Indeed, since ene® =1 4 na? + %n2x4 4+
nx 2nx 2 2
nl@l = Goar < 52 = 508 < ¥
and thus
lim sup{|f.(x)|: x € [a,00)} = 0.
n—oo

Example 4. Let f,,: [0,2] — R be defined by
0 if 2/n <2 <2,
n?z? — 2nx if 0 <2 < 2/n.

(a) fn — 0 pointwise. Indeed, f,(0) = 0 for all n, and, for all € (0, 2], there is an n € N
such that = > 2/n, and thus f,,,(z) = 0 for all m > n.

(b) fn does not converge uniformly to 0. Indeed, f,(1/n) = —1 for all n € N, and thus
sup{|fu(@)] : 2 € [0,2]} > 1.



