
 

Grouptheory
Week 3 Lecture 9

Recall Lagrangi If Hea is a

subgroup of a finite group 6 then

1111 17
As a corollary the orderofany elementof9
divides the order of G

oCa7ll6ltaeGJ
Corollary Euler's theorem Ifgaka.nl l then

aan I Cmod m

Preof Recall 9cm 2in I k Ibn in B lgadlk.HR
Thug yn KM 1inZfaceenyn

that is an element in Zf since Cary by assumption

Tien
Core Fermat p prime a Pea mode

Katz
eg 25 2 mod5 check 25 32 6.5 2

15101 15 Mod lol
Proof If pla then a o adp and so a PeaEO

If pKa then gcdcp.at EuZryakMElCmodp
But Cp p I Hence a mookp a'Ea moo



Corollary to Lagrange'sTheorem Every group ofprime
order is cyclic
Preof let G be a group with IGt p.amlet a CG ate Then foca ftp.cbgcor.toLagrange

Hence Oca p
G ca e a a AP 3

To recap some ofthe discussion regarding the orders of
the elements of a finitegroup 9

It a c G i oca n

Then ah OE th 6 El Gl
es tu G to n 11Gt cbycor.to Lagrange
3 CG I
4 tie G to G golic this happens
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if lakp

that o y g o z
or shorter 242

G 22 4 FEE or shorter 1 40

We will use this numerical function ntstn.GG
to distinguish isomorphism classes offgroeps

finite
a partial test for isomorphism

The abne computation will show that
22 22 24



Group homomorphisms and isomorphisms

Definition let se and CG's e be
two groups A homomorphism between these
two groups is a function P G G'such that

µ9fatb QCa btab

Lemmay If 4 G G is a homomorphism then
cis e L
Lii fail KAT

Proof in 9k
gg

e FQceHKelEeeeaxme Kei
horn law inG

Cii 9cal Nat F ceca a Me e

6ham a is inverse
of a in G

Notatimn When both groups have we write 19.667 967
K k k A t 6Catb 9laHKb

Examplestf iola G G Kaka is a hour
is a horna c G 9cal e
cthetind hoon

9N 2 54 Chick _hk is a horn
check Un ht mute

cenchtcence nhtneD by d.ishwtgeufiityof
4 exp CR to CRY D xue is a horn

check
exp y eat nexploft



P I e
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5 E Ct Et E is also a horn since Ftw Eth

tig Yriy
6 I 1 lR 2 1 421 isdisoahom since IZWH

Hlnlxfig.IE
7 I 1 Roof 2 Kt isnt a home since.tariastance

101 0 take 2 4 w i then 12twl til HE
1 21 121 lHtlwl HlHil lH
8 9 26 54 EAT Ek is meta hoon sire

ET 1k EL
9 Ch GL CR IR 6cal _detCA is a ban

detCA B d A det
detent I detCA outta

Proposition The imageof a homomorphism is
a Ip zine

IIF 4 C G horn then UG SGC
here im 6 6 a y EG 7 x EG et Katy

Preof Recall Hea is a sqbagonip ab
a eH

So let a be CG Write a 6 b 9Cy Then
x yEG

ab teycx.feeyp tqcecxy.cecy Yfecxy.ly
Lemma Cii 6is how G

i abt c UCG



Isomorphisms
Det A groupisomorphismy is a function 9 Gas
between two groups which is both a homomorphism

and a bijection
g

i

iso homt bij
Lemmra If 9 G G is an isomorphism then

Cf Gl G is also an isomorphism

Proof We know YT is also a bijection so enough
to show Cft is a homomorphism

Let a b'EG Write at cecal b's9lbI
0tCa4 a CRYCb b

Then 9 1 a'b p Hanks fecabs
6 ishom

e ab Utca G Cb
the 464 4 Ed

Def Two groups are isaid to be isomorphic
if there is an isomorphism between them

GE G ftp.G sciiso
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