
 

Grouptheorye setup Gfinitegroup
Week 7 Lecture 26 pprime PIG

IGkpkm.ptme
Lemma Ifttisanormal pSylowsubgroupofG.thenPcontainereypsubgroupofGIProof.coLet HEG IH f pr forsome rat Lethal Then the
orderof a divides the orderofH ClyLagrange andso Oca isalso a
power of P
Since POG byassumption we may viewthe leftcoset
AP as an elementofthefactor group GIP
Note that Capt a P EP P
Thus ocap divides oca and so it is also a powerofp
On the other hand
o I 1 1 EG P em Cagaic by Lagrange

which is uopninetop c since PesyepCG

Hence loCaP what means a Pep or fac
This shows HEP HEA

Theorem Sylow II All p Sylowsubgroups ofGare conjugate
sye psofG3

PI.LI ESilCG Letyaeso syeow

Sylph ISKfanjugateligmpsofff fQEGiorGPSTfrsomegeGfl
and consider the conjugation action ofthe group P onthe sets

Pxs S ee Q xQx I

If Po G then gig 1 p Ages and so 5 EP
EI If Goss p 2 and D 41,217 Eh then

5 9,213 413 42312 the generator 42 of P fixes
0cm Pasajdeowisteffraggess the other



y

StephCal S KQisfxedby.ae PQ Then

101 1131 pk Caryhgate subgroupshavesameorder

PYM G Q cby assumption

EG Q1 NCQB ENCQI QT bypropertiesofindex

Hence IPXEHCQI.ca s QesyepCNCQD

But we also knowthat IQONCQI alwaysthe case

Hence by the Lemma Qcon psnbg NQ

b Now recall our assumption inStepl i DENCQ
Thus by i p E Q C since P is a pgroup
But Ipklal and thus 1PQI
so we showed If.a 9on spiffedb

E We use nowthe classEquation forp groups acting or sets

118t l.simadpT
But SPI4 by and so we conclude that

Steps Now let Q beauty p SylowsubgroupofG andconsider
the conjugation actionof Q on the same sets as above

Again by the classEquation for pgroupactions
151 1SOY cenod p
Ill
1 by step1



So I let Cmodp in particular 80 01
Hence F KE QQ suchthat next K Fx EQ ie

IQENCKT.am
But ko NCH always and also 1KIF IPI pk

since KES is a conjugateofP
and so lkisanormalp lowsubgroupof.NO 9

Applying the Lemma to AAand oal we get

QcKT Qis a pgroup in Nda
K normalpglowinMLK

But again lQkIH pk 1QkI
Finally recall KESES conjugatesof P and so

Q is also a conjugate of B

theorem For each prime pllGlepkm the

number np npCG of p Sylowsubgroups of G satisfies

J Np lCmoo

Npl m f

Proof Let I e SylpCG and Se gpg I go GI

By SylowI IFM and so lnp 7
step1 Consider the conjugation action of Pons
By classEg 181 184 Cmodp
for p groups fnp hod



StepI Now considerthe conjugation action ofG on

By Sylow II the orbit G P is all of S Hence

1hp IS I IG PI F G c Gp EG NCD 8

Orbit stabilizerThm ydefofnormalizer

Now
M f G P EGNCPD NCD P qnp NCP PI
PispSylow by

Implant

Remarks consequences of Sylow I I

If np then there is a snigle p Sylowsubgroup
and that subgroup must be normal.comd aversely

lnpCGK.IE SyepCGtEgTf
P G ogcG.at gig P

is Ii i
To re

emyphasisethepointofsylontSyep G conjugatesof P in G1
ayf 4bgmp

whileexists by SyenI
Every p subgroup oh 6 is

contained in a p Sylow9schematic ftp.ogpgt o sylowpabgrarps
42 p subgroups



Thatis p Sylow subgroups are maximalanoy
all p subgroups of 6 but not necessarily amongall sadgroups

E E
One of the main apps of glow theory is to show
that certain large classes of finite groups are

notsimple i e contain no non trivial proper
normal subgroups
Basic idea try to find pl 161 such that
Mp 4 which then replies 3 BOG 6g remi
and so done Usually startwith largest PIG

otherwise determine a shortlistof lnp pla
and use other facts from gmptheory to find
1tNf

EEE IG1 100 2 52 notsimple
Sylow In Ng 11 mods Nsel4

c Nsel ne 1,2 or4

Hence G is not simple by Rem 1

EI LG1 28 22.7 not single
N El mod 7 N 14 n L

ExI 161 24 23.3 not simple



Nz El mods Nz 18 Nz L or 4
CnsC 1544,83

Nz L Mook Nz13 Nz or 3

Aside 1541 24 and nE3nz 4
So has no normal sylows

but it is still not simple it has normal
non Sylow subgroups

If not do
Note SykCG SyedaI computed kA ne

Suppose M 3 so f Syl G P Q R
are

2 glows all conjugate
Consider the conjugation coffee83

action of G ons By Sylar Is IG.ES l
theactions transitive i e
it has a single orbit

This
actinghasanassociatedhomsyCf G Syncs S3

But 1 6 31.5531
So KitterCCf e otherwise 8 067

asubgroupofSs 7
But at KFG since otherwise 9 is the trivialhone
and so the actionof a on Sis trivial ie G x 3 1
for all xes But this contradits HI Whit
says G P S so orbit have Sre 3 not I

H k 6 is a nontrivial propersabgmpQED



ESG Gl _72 89 23.32 notsimple
Ns El mad3 Mg18 Nz or 4

Nz L Mook NH9 MEI 3 or 9

If either net or n 4 done Chg Remark

Tf nz 4 then get transitivitire repthanSylorI with 5 3130 BT
4 G Syncs se

But 141 72224 4 4541
so Kinker 4 d G is nontrivial and also
proper subgroup bytransitorily f the actiondone

Not mehfmE 4 works
if 1Gt pkm and pkm m

E t2 23nt
Mrs L mods Nz14 n3 l or 4

Nz El Mook hz13 nfl or 3

note for p 1244 so neitherofthe
m 4 abovemethodsworks

for p 2 1273 so second method
m 3 works try it

Suppose nz 4 Then all 3 gears are cyclicof
orders since every groupoforder p is cycle and so

they cannot intersect except at e

So C3 4 3 1 8



Hence there are only 4 elements left in G Cthe
identity 3 others so they mustcomprise a

2 Sylow subgroup which mustbe unique i.e NEI

Ext Gl 30 2 3.5

Nz l moot2 hall 5 ME 43,5 or 15
N l Mook Nz 10 Nz 4 or lo

NS El mods Ms 16 B or 6

Suppose Nz 41 i.e nz 10

If p Q ARM Eszlows finders then

PnQ e since PnQl 13

t 10.2 20
and PDQ D

i suppose also that Ms I i.e ns 6 Then
t 6.4 24

Thus if my Ms 1 1 then

tts 20 24 44 Hadid'm
i Either Mel or me QED


