
 

Grouptheory
Week 6 Lecture 24

Cauchy
theorem V let G be a finitegroup and let p be a prime

dividing the order of G Then the numberofsolutionsof the equation X Ee is a multipleofp
p1lGl plaeGlxEI I

Cl tal converse toLagrange

ProoftigwritelGthiandputsXi Xp X of G and AKir XpXp e

Note that I St n n Pt anyvalues I
opt Xp xpI't

in
partiaelar.siruplni.my µISI EO Modp

Csp

I Consider the action of thegroup Zp on 8 by cyclic
permutation of the elements Xi That is

Zp so acts via thep cycle oil p as

0 Xi Xz XpyXp Xy Xp

eg o ca b c ol e f b cD e f a also ota.blfb.at

Verify that o S s

X Xz Xp Xp L Xz XpXp X ee

wa ta
since ab e b a a base

Since v generates the golic group Ep the action of
o extends to the whole group Ep



OKCX Xp of OCA Ad
AI Analyze the actionof 2pm S

usgs p prime
Fixed pointset

ISZPefcxn.o.sk xeG xP e

Remains to show p I I591
First notice that sap 01 since e ESRP fete

qq.eoyy thbjhslifesforn.aecnthesthtement
Now recall the ClassEquation C for G acting ons
11st lsali E a.ci

lGxX apnpqgsabgnnp

In particular if G is a pgroup then by Lagrange'stheorem
mi
tq
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Back to oursituation with G Zp capgroup and S asabove

115411514042
From C we know 151 0 nod p Andso

115129 I O enodp Hence since 15 130
41 is divisible by p IQED

As a corollary we derive the following partial converse
to Lagrange's theorem forsubgroupsofprime order

theorem Cauchy If pl lGl the G has an
element of order p and thus a subgroup oforderp



Prod By previous them the set KEG xP e3 has size
divisible by p Algo EET The other

elements
of T h are onderp again siree p is a pointthere are
Take a ET ate Them p i ofthem

Oca p
sa is a subgroup of a oforderp

Example If 161 60 2 3.5 then G has subgroupsof order
2,3 and 5 As we shall see italso musthave

p 4CbzSylowI

Corollary A finitegroup is a p group if andonly if
eqyelemethasorolerapowerofp.TKpnctwson.enaD CtgcG ocgtph.tgrsp.me k

Proofs ByLagrange 0cg I 1Gt40 ifEEE
E Suppose glial for some prime ftpThen by Cauchy G has an elementof order qwhatis not a power ofp Contradiction

Remarle The notion of p group can be generalised to infinite

groups by requiring that all elements in thatgroup
hareorderaporerof.gs



interlude Correspondence TheoremT

theorem let NOG and let it G Gfy be the
canonical projection Then a induces a Hot correspondence

yahoo.MILjkffSsubgroupsofGhdTI
NEHEG
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Tick KE Gk
Moreover

NE HOGG Kooky
It a is finete then fHl 1kT

Examples Qg allnormal 2oz
in aC GQs 14 943 2qz E
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2 1 all normal
d

normal

2 G 4 NazcaFZe X
Ha Z Z Zz Zz 212

normal

Next topicsylowbtheoremscdhe.toPeter
Ludwig Sylow n 1872
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Gyeon 1

theorem If ph11Gt for some prine p and k o
then there is a subgroup H withhttp
ok lGl S7HEA HtpT

we will provethis theorem using Cauchy's theorem
for h l and induction or 161 via the

correspondence theorem from above

Aside If IGI en ther GE Sn Cayley
Question what is smallest r far whish GESr
Eg Da E 54 Cute symmetriesof squarebut Q8 Ss use Sylowtheorems


