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GROUP ACTIONS ONSETS

Definition
tA groupaction of a group Gona set 5

is a function µ Gx S S usually written as

Mcg a g x g x gx such that
1 e Te M trees where e identityofG
2 Th xT xf Cfg htG thee's

multiplication inG

9 Eef III easy
LII its subgroups C usets

CI on a vector space cbglmemaaht.gg

orqIlon various geometric objects graphs
polyhedra manifolds etc

Examples
b Ext CGacting on itself by left multiplication

S G µ Gaa G peg a g x

check a e a x since eisthefiglenHg

7g.Ch.x ghxnGD.sn by associativityof
gmp operation

ELI G acting on itself by conjugation
S G µ a x a a Mcg x gxg
check c e exe 1 x

g Ch x g Chxh gchxhfg t
ghxlh igY cshlxfgt.IT'fghI x



I 3 G acting on its subgroups by conjugation

H HEG the set of all subgroupsoff

µ G S S Mcg H gHg I

check c e H e He H
E g Ch H g ChHh 1 gChHhYgt

gh gh h1 H

42 G acting on the left assets of a subgroupHea
S x H n XE G where xH yH yYEH

µ Gas s g KH 49 1H
check Cc e sett a H self

E g h att g h x H gcha H
ghixH gD

I E CG a linear gmp acting on a vectorspace
by linear transformations

Take G GL CF or one ofrts subgroupswhere F is a field and nai

G acts on the F vector vector space f F by

µ Ga Fn Fn MCA v AV
n matrix tmatix malt

check it e In big In EV

A B v A Bv A Bir CABV ABIT

I Groups acting on graphs via graphantormorphisms i

i K s E u edge



A graphantomorphem is a bijection 0 V V
white preserves the set ofedges
if e New is a edge in T YNETfthenolei

drcvzocw.slisalsoaneolgei.PTAutCT Eoe Sym r cr is an autoofB
the automorphism group of T

if f El n on then AntCP E Sn
Exercise Find AutCP where P is the cabicalgraph

f fI so

Grup s acting on polyhedra such as the regular
n gons regular 3 ohh polyhedra tetrahedron
cube icosahedron etc by symmetries

Examiple Dn dihedral groupof order 2h

f I E ng
esotnguear noon

into Tareete imageofVunder
synnety g

Eg 0 2 0127 3 0 3 0037 4
7 2 261 3 T 3 EB L

Grups acting on manifolds or
vdariebetiw.es etc

21800rotation

s surface ofgenus 2
Galois group acting on field extensions

died in followup couram

Rings Fields GaloisTheorg



An alternative view ofgmpactions is given bythe PermutationRepresentations associated to them

µ Gxs s m 9iG symsTp p
groupaction homomorphism from
of G.ms toosnynnsmetnigrorp

1 54
The fact that µ satisfies axioms item implies that
the function 9takes values in SymCS e Vis a hom

ed µ let og S s be the function togas gtfo
Then og is a bijection
with inverse og

Up
E

Ogorg Ca ogCgt x g Cg x gg ik
e XIXCt

b U is a horn ycg.hj og.nqogoof cfcgl.ph
Since 0ghCx hHX g htx ogoonkP

Ii Given a rep 6 a Sym GI
define µ by the formula and check as above

thethanaclin S

Def the action of G au S is called faithful
if the associated berm rep Q G synCD
is injective

Equivalently kerid Ee3 co

ICgx xtorV res Eg e



So if G acts faithfully on s then G inch
is an isomorphism of 6 onto a subgroup of syncs
In other words G can beviewed as a subgroup
of SymG

Example
4 The actionofDn on b oh comingfromsymmetries
ofthe regular ngon is faithful
If geDn fixes every vertex x of the

agon

T does nottieany
then g e

TM i in Kt Ig fixes
andy butnotz

3Vertices then gee

E G In acting on itself by Cleft multiplication
Then the associated peon rep

Cf Zn Sn
is again faithful g x x tix see

heftyeggs attach
a


