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Basic tool we discussed last time was the Fendaneytal

thtomomorphisms
1shortversion P G G horn Gheeragein

more precise Version Every q Yms through an
iso Fi Gkeep in where

K ke

1 Every normal subgroup NOG occurs as the
kernel of a homomorphism fromG to anothergroup

Indeed let it G GIN I bet xN be
the canonical projection of G onto the factorgroup
Then Kerce iY Cas we saw last time
Hence

fN ker e G 6

E Recall that the index of a subgroup HCG
is defined as

G H eeftcosdsofHinG3
right 4 3

Furthermore if G is finite then by Lagrange's
Theorem

G HI

Now suppose NOG is a normed subgroup i.e

left right sets of N coincide
Then fcq.ie G4y theeettoosetsofNa.G



inwords the index of Nin G is the orderofk the factor group GIN
For finitegroups and their mom.aesubgroups
Lagrange's theorem can also be written as
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Example Problem 24 3.8

let G Ya 5215 Glaces
and H Aea detail c9 25.3

d Show that NOG
14 Identify GIN

Juteikkcast541.1525observations a IG1 5 2 20 4.20
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so once we showthat NAG we know that
1 1 144 2 4

GIN I 212 212 or 214

C Brute force computation
th Ei i ol ft 1C9.9oth.co o9
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shorter proof n ly Ker Det G Est
So byOG det doo I



2 By shorter proof of ID and FTH
Gk Eiu Colet z

2 E 214 QED

Example Problem 10 3 8

Let Na G and suppose EG m Show that

AMEN for all aEG

Solution Note that 1GINI LGN1 m

Now consider the left coset a N in GIN Then

by a corollary to Lagrange's theorem
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N in general if 161 isfinite

since
x.nj.IN 11

fans 9 thee 0 114
amN

i
Question what happens if we drop the assumption
that N is normal in a i e

ttG.nu 7amEHVaEG

The centerof a group
Eef the center of a gmp 6 is

entrumy42 CG7i E.x eGn.gxxg.Hg.EG2T.le

imma 2 CG is a normal subgroup of G



ProofTEECG is a subgroup

Cay x ye 2CG Cry T.gg xyfgj xCgy
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a xye 2CG
c Z gxgt x
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SEG take merges on bothsides

gang
2 is normal
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Example c G abelian 2 G G

G Qe theists H City
I 1 jia ij ete
2

fG G2z CF F a field groups

EH a c def and beto

t.qal2CGI EC.toxeFI
ca.cm Ej x.x.i.coi9k.Hc I CE l

Suppose Ebd c 2 G Then
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so A must be ofthe form Aatoaba
But A mustalso commutewith tf

Ek ie fi Ek
ata ba aa tha aatt.IE bo
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Define PG CF i G CFYz G2za

pntiective general lineargmp of 2 2

In particular
matrices w entries in e

PGLzCZp GKCZDfe.tn pffnke

PI G Ghz Zz I a bedEEE ad the 41
has order 4 2 2 32 6

2 67 1 Oa a eZE 4671

Palz 2K Ghz Zz

p G GbCBD has order 32111323 8 6 48
2 Ca Lao E a.ae Y lCoi 2E 3 Zz
PGL Zz has order 24

Exercise Hard PGLzCZs E S4
PSH E Ay Erotations

Fttetfrahedron

Exercise problem 14 3 8



Let it be a subgroup of 2 G

Cal show that is a normal subgroupofG
b If GIM is cyclic then Gis abelian

solution a let xE N and GE G Then

gxg 1 qggtx e.ae N

XENELCG

b Suppose Ghy is cyclic that is

FN for some acG

let xiyeG Then

54 he'd it some a a

X ate U for some
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