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RAAGs and arrangements: A comparison

Simplicial complex L Ă 2rns Toric complex TL Ă T n

#k-cells “ bk , dimTL “ dim L ` 1

Graph Γ “ pV ,E q “ Lp1q RAAG GΓ “ π1pTLq “

xv P V : rv ,w s “ 1 if tv ,wu P Ey

Flag complex ∆Γ Classifying space K pGΓ, 1q “ T∆Γ

Hence, GΓ is torsion-free

Cohomology ring H˚pTL; kq Exterior Stanley–Reisner ring
kxLy “

Ź

pev q{peσ : σ R Lq

L flag complex kxLy Koszul algebra

TL formal over Q and Z APLpTLq »CDGA H˚pX ;Qq

C˚pTL;Zq »DGA H˚pX ;Zq

Hence, GΓ is 1-formal
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Arrangement A in Cd Lattice LpAq “ t
Ş

HPB H : B Ă Au

Defining polynomial
f “

ś

HPA fH , kerpfHq “ H
Complement MpAq “ Cdz

Ť

HPAH
Minimal cell structure, dim ď d

G pAq “ π1pMpAqq, gens
txHuHPA, commutator rels

No finite K pG pAq, 1q in general
Is G pAq torsion-free?

Cohomology H˚pMpAq;Zq

is torsion-free
Orlik–Solomon algebra
A “

Ź

peHq{pBeX : codimpX q ă |X |q

bkpMq “
ÿ

XPLk pAq

p´1qkµpX q µ : LpAq Ñ Z defined by µpCdq “ 1
and µpX q “ ´

ř

YĽX µpY q

A supersolvable ùñ A Koszul algebra

MpAq formal over Q H˚pX ;Rq Ñ ΩdRpMpAqq q-iso
HkpX ;Cq has pure MHS, type pk, kq

Hence, G pAq is 1-formal

MpAq not formal over Zp Massey products in H2pG pAq;Zpq
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Artin kernels and Milnor fibers: A comparison

Weights mv on vertices
of Γ “ Lp1q

Homomorphism χ : GΓ Ñ Z, χpvq “ mv

Surjective if gcdpmv q “ 1

Cover Tχ
L Ñ TL Artin kernel Nχ “ π1pTχ

L q “ kerpχq

mv “ 1 for all v P V Bestvina–Brady group NΓ

Γ connected NΓ finitely generated

∆Γ simply connected NΓ finitely presented

If Hi pT
χ
L ; kq kZ-trivial, for i ď r : Hďr pTχ

L ;kq “ Hďr pTL;kq{pχkq

Alex Suciu Artin kernels and Milnor fibrations SLMath 3/15/2024 4 / 26



Weights mH on H P A Polynomial fm “
ś

HPA f mH
H

Milnor fibration fm : MpAq Ñ C˚

Milnor fiber Fm “ f ´1
m p1q; F pAq “ f ´1p1q

Monodromy (N “
ř

HPAmH) h : Fm Ñ Fm, hpzq “ e2πi{Nz

Fm finite complex, dim ď d´1 Fm connected if gcdpmHq “ 1

χ : G pAq ↠ Z, χpxHq “ mH Fm » Mχ, π1pFmq “ kerpχq

Fm Ñ PpMq a regular ZN -cover

H˚pFm;Zq may have torsion Even H1pF pAq;Zq may have torsion

F pAq not always 1-formal H1pF pAq;Cq may be non-pure
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Theorem
Let A be an arrangement of lines in C2, with group G “ G pAq. The
following are equivalent:
(1) G is a right-angled Artin group.
(2) G is a finite direct product of finitely generated free groups.
(3) The multiplicity graph of A is a forest.

There exist graphs Γ such that the Bestvina–Brady group NΓ is finitely
presented, yet not isomorphic to either an Artin group GΓ1 , or an
arrangement group G pAq.

There exist arrangements A such that G pAq – NΓ for some graph Γ,
but G pAq fl GΓ1 for any graph Γ1.
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Associated graded and Chen Lie algebras

Lower central series γ1pG q “ G , γ2pG q “ G 1

γk`1pG q “ rG , γkpG qs

It is a normal, central series rγkpG q, γℓpG qs Ď γk`ℓpG q

Associated graded Lie algebra grpG q “
À

kě1 γkpG q{γk`1pG q

Chen Lie algebra grpG{G 2q

If G finitely generated, then
grkpG q f.g. (abelian) groups

LCS ranks: ϕkpG q “ rank grkpG q

Chen ranks: θkpG q “ rank grkpG{G 2q

grkpG q ↠ grkpG{G 2q

iso for k ď 3
ϕkpG q ě θkpG q

with “ for k ď 3
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Holonomy and Malcev Lie algebras

G f.g., H “ Gabf “ Gab{Tors ∇G “ Y_
G : H2pG ;Zq_ Ñ H ^ H

Holonomy Lie algebra hpG q :“ LiepHq{idealpimp∇G qq

This is a quadratic Lie algebra hpG q ↠ grpG q

hpG q{hpG q2 ↠ grpG{G 2q

Malcev Lie algebra mpG q :“ PrimpzQrG sq

grpmpG qq – grpG q b Q

G is 1-formal if ùñ

mpG q – zhpG q b Q
hpG q b Q »

ÝÑ grpG q b Q
hpG q{hpG q2 b Q »

ÝÑ grpG{G 2q b Q
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Lie algebras of RAAGs

hpGΓq “ LiepV q{prv ,w s “ 0q

if tv ,wu P E
hpGΓq

»
ÝÑ grpGΓq

grpGΓq torsion-free, ranks given by

PΓptq “
ř

ně0 fnpΓqtn

fnpΓq “ #tn-cliques in Γu

ś8
k“1p1 ´ tkqϕk “ PΓp´tq

hΓ{h2
Γ

»
ÝÑ grpGΓ{G 2

Γ q grpGΓ{G 2
Γ q torsion-free, ranks given by

ř8
k“2 θkt

k “ QΓ

`

t{p1 ´ tq
˘

where QΓptq “
ř

jě2 cjpΓqt j and cjpΓq “
ř

WĂV : |W |“j b̃0pΓW q

pΓ, ℓq labeled graph
GΓ,ℓ Artin group

Γodd “ pV,E1q, E1 “ te : ℓpeq oddu
rΓ “ prV, rEq: rV “ components of Γodd
rE induced edges from E1

mpGΓ,ℓq – mpG
rΓ
q ϕkpGΓ,ℓq “ ϕkpG

rΓ
q

θkpGΓ,ℓq “ θkpG
rΓ
q
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Lie algebras of hyperplane arrangements

hpG q “ LiepxH : H P Aq

M

ideal
!”

xH ,
ř

KPA
KĄY

xK

ı

: H P A,Y P L2pAq,H Ą Y
)

grpG q b Q – hpG q b Q
ϕkpG q determined by Lď2pAq

grpG{G 2q b Q – hpG q{hpG q2 b Q
θkpG q determined by Lď2pAq

A supersolvable ùñ
ś8

k“1p1 ´ tkqϕk “ PoinpMpAq,´tq

A decomposable ùñ

8
ź

k“1

p1 ´ tkqϕk “ p1 ´ tq|A|´
ř

XPL2pAq µpXq
ź

XPL2pAq

p1 ´ µpX qtq

h3pG q
»

ÝÑ gr3pG q Question: Is h3pG q torsion-free?

grkpG q may have non-zero tor-
sion for k " 0

Question: Is the torsion in grpG q com-
binatorially determined? Answer: No.

D A˘ with LpA`q – LpA´q, yet torspgr4pG`qq fl torspgr4pG´qq
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Alexander invariants

Alexander invariant BpG q :“ G 1{G 2 as ZGab-module via
gG 1 ¨ xG 2 “ gxg´1G 2 (g P G , x P G 1)

If π1pX q “ G and X ab Ñ X BpG q “ H1pX ab,Zq “ H1pX ,ZrGabsq

Let I “ kerpε : ZrGabs Ñ Zq I kBpG q “ γk`2pG{G 2q, and so
θkpG q “ rank grk´2pBpG qq, @k ě 2

Infinitesimal Alexander invari-
ant

BpG q :“ hpG q1{hpG q2, as module
over SympGabfq “ grpZrGabfsq.

Theorem
Let G be a 1-formal group. Then,

(1) zBpG q b Q – {BpG q b Q.
(2) grpBpG qq b Q – BpG q b Q.
(3) θkpG q “ dimQBk´2pG q b Q for k ě 2.
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Cohomology jump loci

Character group of G “ π1pX q TG :“ HompG ,C˚q “ H1pX ;C˚q

TG – T0
G ˆtorspGabq, T0

G – pC˚qb1pGq

Characteristic varieties V i
spX q :“

␣

ρ P TG : dimHi pX ;Cρq ě s
(

W i
spX q :“ V i

spX q X T0
G

VspG q :“ V1
s pX q depend only

on G{G 2

VspG q “ supp
`
ŹsBpG q b C

˘

away from 1 P TG

A “ H˚pX ;Cq, a P A1 ; pA, ¨aq : A0 A1 A2 ¨ ¨ ¨
¨a ¨a

Resonance varieties Ri
spX q :“ ta P A1 : dimH i pA, ¨aq ě su

RspG q :“ R1
s pX q RspG q “ supp

`
ŹsBpG q b C

˘

away from 0 P A1

If X is a k-formal: TC1pV i
spX qq “ Ri

spX q for i ď k
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Cohomology jump loci of arrangements

The resonance varieties Ri
spMq of

M “ MpAq are finite unions of
linear subspaces in C|A|

The characteristic varieties V i
spMq

are finite unions of torsion-
translated subtori of pC˚q|A|

The components of R1
1pMq correspond to multinets on sub-

arrangements of A. Each subspace has dimension at least 2, and
each pair of subspaces meets transversely at 0.

M is an abelian duality space of
dimension r “ rankpAq:
H˚pX ,ZGabq concentrated in deg r

The jump loci of A propagate:
R1

1pMq Ď ¨ ¨ ¨ Ď Rr
1pMq

V1
1 pMq Ď ¨ ¨ ¨ Ď V r

1pMq
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Cohomology jump loci of RAAGs

The resonance
varieties of TL are
unions of coordinate
subspaces inside
HV :“ H1pTL;Cq

Ri
spTLq “

ď

WĎV
DσPLVzW, dim rHi´1´|σ|plkLW pσq,Cqěs

HW

For a RAAG GΓ: R1
1pGΓq “

ď

WĎV
ΓW disconnected

HW

The characteristic varieties of TL and GΓ are unions of coordinate
subtori TW Ă TV, on same indexing sets

TL is an abelian
duality space ðñ

L is Cohen–Macaulay

L CM ùñ resonance varieties of L propagate
Question: Is the converse true?
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Almost direct products

Theorem (Falk–Randell 1985/88)

Let G “ K ¸φ Q. If Q acts trivially on Kab, then
grpG q “ grpK q ¸φ̃ grpQq, where φ̃ : grpQq Ñ DerpgrpK qq.

If K and Q are residually nilpotent, then G is residually nilpotent.

Theorem
Let G “ K ¸φ Q. If Q acts trivially on Kabf :“ Kab{Tors, then

grpG q b Q – pgrpK q ¸φ̃ grpQqq b Q.
If K and Q are RTFN, then G is RTFN.

If Kabf is f.g., Q is torsion-free abelian, and Q acts trivially on H1pK ;Qq,
then

grě2pK q b Q »
ÝÑ grě2pG q b Q, and so ϕkpK q “ ϕkpG q for k ě 2.

grě2pK{K 2q b Q »
ÝÑ grě2pG{G 2q b Q, and so θkpK q “ θkpG q for

k ě 2.
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Theorem

Let 1 Ñ K
ι

ÝÑ G Ñ Q Ñ 1 be an exact sequence of f.g. groups.
If Q is abelian and acts trivially on Kab, then ι˚ : TG Ñ TK restricts
to maps ι˚ : V1

s pG q Ñ V1
s pK q for all s ě 1; furthermore,

ι˚ : V1
1 pG q Ñ V1

1 pK q is a surjection.

If Q is torsion-free abelian and acts trivially on H1pK ;Qq, then
ι˚ : T0

G ↠ T0
K restricts to maps ι˚ : W1

s pG q Ñ W1
s pK q for all s ě 1;

furthermore, ι˚ : W1
1 pG q Ñ W1

1 pK q is a surjection.

Theorem

Let 1 Ñ K
ι

ÝÑ G Ñ Q Ñ 1 be an exact sequence of f.g. groups. Suppose
G and K are 1-formal, Q is torsion-free abelian, and Q acts trivially on
H1pK ;Qq. Then ι˚ : H1pG ;Cq ↠ H1pK ;Cq restricts to maps
ι˚ : R1

s pG q Ñ R1
s pK q for all s ě 1; furthermore, ι˚ : R1

1pG q Ñ R1
1pK q is

surjective.
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Bestvina–Brady groups

Theorem (Papadima–S. 2007/2009, S. 2021)
Suppose Γ “ pV,Eq is connected. Then

In the split exact sequence 1 Ñ NΓ
ι

ÝÑ GΓ
π
ÝÑ Z Ñ 1, the group Z acts

trivially on pNΓqab.

grě2pNΓq – grě2pGΓq. and grě2pNΓ{N2
Γq – grě2pGΓ{G 2

Γ q.

ϕkpNΓq “ ϕkpGΓq and θkpNΓq “ θkpGΓq for all k ě 2.

If κpΓq “ 1, then V1
1 pNΓq “ HompNΓ,C˚q and R1

1pNΓq “ H1pNΓ;Cq.

If κpΓq ą 1, then the irreducible components of V1
1 pNΓq, respectively

R1
1pNΓq, are the subtori T1

W “ ι˚pTWq, respectively the subspaces
H 1

W “ ι˚pHWq, of dimension |W|, one for each subset W Ă V, maximal
among those for which the induced subgraph ΓW is disconnected.
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Milnor fibrations with trivial algebraic monodromy

Theorem
Let pA,mq be a multi-arrangement, and let Fm be its Milnor fiber.
Suppose h˚ : H1pFm;Zq Ñ H1pFm;Zq is the identity. Then

grě2pπ1pFmqq – grě2pπ1pMqq.

grě2pπ1pFmq{π1pFmq2q – grě2pπ1pMq{π1pMq2q.

Theorem
Suppose h˚ : H1pFm;Qq Ñ H1pFm;Qq is the identity. Then

grě2pπ1pFmqq b Q – grě2pπ1pMqq b Q.

grě2pπ1pFmq{π1pF 2
mqq b Q – grě2pπ1pMq{π1pMq2q b Q.

Hence, ϕkpπ1pFmqq “ ϕkpπ1pMqq and θkpπ1pFmqq “ θkpπ1pMqq, @k ě 2.
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Theorem
Let σm : Fm Ñ U “ PpMq be the restriction of M Ñ PpMq. Suppose the
monodromy h : Fm Ñ Fm induces the identity on H1pFm;Qq. Then,

The induced homomorphism σ˚
m : H1pU;Cq Ñ H1pFm;Cq is an

isomorphism that identifies R1
s pUq with R1

s pFmq, for all s ě 1.
The induced homomorphism σ˚

m : H1pU;C˚q Ñ H1pFm;C˚q0 is a
surjection with kernel isomorphic to ZN . Moreover,

For each s ě 1, the map σ˚
m establishes a bijection between the

sets of irreducible components of V1
s pUq and W1

s pFmq that pass
through the identity.
The map σ˚

m : V1
1 pUq Ñ W1

1 pFmq is a surjection.
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Alexander invariants of arrangements

Alexander invariant: BpAq :“ BpG pAqq “ G 1{G 2, viewed as a module
over R “ ZrGabs “ ZrH1pM;Zqs.

[Cohen–S. 1999] The homomorphisms jX7 : G pAq Ñ G pAX q induce a
surjective R-morphism, Π: BpAq Ñ BpAqloc :“

À

XPL2pAq BpAX q.

Infinitesimal Alexander invariant: BpAq :“ BpG pAqq “ h1pAq{h2pAq,
viewed as a module over S “ SymrGabs – grpRq.

There is an epimorphism of graded S-modules, Π̄ : BpAq Ñ BpAqloc.

Hence, the Chen ranks of A admit the lower bound

θkpG pAqq ě pk ´ 1q
ÿ

XPL2pAq

ˆ

µpX q ` k ´ 2
k

˙

,

valid for all k ě 2, with equality for k “ 2.
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Decomposable arrangements

For each flat X P LpAq, let AX :“ tH P A | H Ą X u.
The inclusions AX Ă A give rise to maps MpAq ãÑ MpAX q; get map

j : MpAq
ś

XPL2pAq MpAX q .

The induced homomorphism on π1 yields a morphism

hpj7q : hpG q
ś

XPL2pAq hpGX q “: hpG qloc.

Theorem (Papadima–S. 2006)
The map hkpj7q is a surjection for each k ě 3 and an iso for k “ 2.

Definition
A is decomposable if the map h3pj7q is an isomorphism; that is, h3pG q is
free abelian of rank as small as possible, namely,

ř

XPL2pAX q

`

µpX q

2

˘

.

Alex Suciu Artin kernels and Milnor fibrations SLMath 3/15/2024 21 / 26



A similar definition works over Q (or any field k).

Question: are decomposability and Q-decomposability equivalent?

If A is decomposable, and B Ă A, then B is decomposable.

Let ApΓq “ tzi ´ zj “ 0 : pi , jq P EpΓqu be a graphic arrangement.
Then ApΓq is decomposable if and only if Γ contains no K4 subgraph.

Theorem (Papadima–S. 2006)
Let A be a decomposable arrangement, with group G “ G pAq. Then:

h1pj7q : h
1pG q Ñ h1pG qloc is an isomorphism of graded Lie algebras.

The map hpG q ↠ grpG q is an isomorphism.
For each k ě 2, the group grkpG q is free abelian of rank

ϕkpG q “
ÿ

XPL2pAq

ϕkpFµpX qq.
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Theorem (Papadima–S. 2006)
Let A be a decomposable arrangement, with group G “ G pAq. Then:

grpG{G 2q “ hpG q{h2pG q, as graded Lie algebras over Z.
grpG{G 2q is torsion-free, as a graded abelian group.
The Chen ranks of G , for k ě 2, are given by

θkpG q “
ÿ

XPL2pAq

θkpFµpX qq.

Theorem (Porter–S. 2020)
Let A and B be decomposable arrangements with Lď2pAq – Lď2pBq.
Then, for each k ě 2,

G pAq{γkpG pAqq – G pBq{γkpG pBqq.
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The Alexander invariant of A decomposes if the map
Π: BpAq Ñ BpAqloc is an isomorphism. (Similarly over Q.)

The infinitesimal Alexander invariant of A decomposes if the map
Π̄ : BpAq Ñ BpAqloc is an isomorphism. (Similarly over Q.)

The R-module B “ BpAq is separated if
Ş

kě1 I
kB “ t0u, or,

equivalently, the map B Ñ pB is injective.

If G pAq is residually nilpotent, then BpAq is separated.

Theorem
If A is decomposable, then BpAq is decomposable.

If A is Q-decomposable, then BpAq and zBpAq are Q-decomposable.
If A is Q-decomposable and BpAq b Q is separated, then BpAq is
Q-decomposable.

Corollary
If A is Q-decomposable and BpAq b Q is separated, then the monodromy
action on H1pF pAq;Qq is trivial.

Alex Suciu Artin kernels and Milnor fibrations SLMath 3/15/2024 24 / 26



Falk’s pair of arrangements

Both A and Â have 2 triple points and 9 double points, yet
LpAq fl LpÂq. Nevertheless, MpAq » MpÂq.

Both arrangements are decomposable, and their Milnor fibrations have
trivial Z-monodromy.

Nevertheless, K “ π1pF q is not isomorphic to K̂ “ π1pF̂ q. In fact:
K{K 2 fl K̂{K̂ 2, since V1

2 pK q – Z3, yet V1
2 pK̂ q “ t1u.

K{γ3pK q fl K̂{γ3pK̂ q, since H2pK{γ3pK q;Zq “ Z3, yet
H2pK̂{γ3pK̂ q;Zq “ 0.

Alex Suciu Artin kernels and Milnor fibrations SLMath 3/15/2024 25 / 26



References

A.I. Suciu, Alexander invariants and cohomology jump loci in group
extensions, to appear in Ann. Sc. Norm. Super. Pisa (2024), doi,
arxiv:2107.05148,

A.I. Suciu, Lower central series and split extensions, preprint (2022),
arxiv:2105.14129.

A.I. Suciu, Milnor fibrations of arrangements with trivial algebraic
monodromy, preprint (2024), arxiv:2402.03619

A.I. Suciu, On the topology and combinatorics of decomposable
arrangements, preprint (2024).

Alex Suciu Artin kernels and Milnor fibrations SLMath 3/15/2024 26 / 26

https://dx.doi.org/10.2422/2036-2145.202112_005
https://arxiv.org/abs/2107.05148
https://arxiv.org/abs/2105.14129
https://arxiv.org/abs/2402.03619

	RAAGs and arrangements
	Lie algebras associated to groups
	Almost direct products
	Alexander invariants of arrangements
	Decomposable arrangements
	References

