Prof. Alexandru Suciu
MATH 3175 Group Theory Fall 2010

Practice Quiz 2

1. Let G be a group and let H and K be subgroups of G.
(a) Is H N K a subgroup of G?

(b) Is HU K a subgroup of G
In each case, give a reason why, or why not.

2. Let H be a subgroup of a group G, and let C(H) = {x € G | zh = ha for all h € H}.
Prove that C'(H) is a subgroup of G.

3. The quaternion group is the group @ = {£1, %, +j, £k}, with multiplication given
by the rules

1] =k, Ji = —k,
ki = j, ik = —j.

(a) Write down a Cayley table for Q.

(b) For each element a € @, find the order |al.

(c) For each element a € @, find the centralizer C'(a).
)

(d) What is the center of Q)7

01
(a) Prove that A is in GLg(Z7).

(b) Find the order of A in GLy(Z).

1 1
5. Let A = (0 1).

(a) If we view A as an element in SLy(R), what is the order of A7

4. Let A= (2 1) be a matrix in My (Z7).

(b) If we view A as an element in SLy(Z,), for p a prime, what is the order of A?
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Let GG be a group, and a an element of G.
(a) Show that C(a) C C(a¥), for all positive integers k.

(b) Suppose a has order 5. Prove that C'(a) = C(a?).
(c) Give an example where a has order 6, and C(a) # C(a?).

. Let G = Zgy. Is G cyclic? For each element a € G, indicate the order |a|. What are

the generators of G?7

. Let G = U(20). Is G cyclic? For each element a € G, indicate the order |al.

Let G = U(7). Is G cyclic? For each element a € G, indicate the order |a|. What are
the generators of G?7

Let G be a group, and let a € G. Show that (a) = (a™').
Give an example of a non-cyclic group, all of whose proper subgroup are cyclic.

Let G = (a) be a group generated by an element a of order |a| = 24.
(a) Find each element of G which generates G.

(b) Find each element of G which generates the subgroup (a®).
(c) Write all the elements of the subgroup (a?).
(d) Find the order of a'®.



