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Resonance varieties
Let A‚ be a graded, graded-commutative, algebra (cga) over a field k
of characteristic 0, with multiplication maps Ai bk A

j Ñ Ai`j .

We assume A is connected (A0 “ k) and of finite-type (dimk A
i ă 8).

For each a P A1, graded commutativity gives a2 “ ´a2, and so a2 “ 0.

We then have a cochain complex,

pA‚, δaq : A0 δ0
a // A1 δ1

a // A2 δ2
a // ¨ ¨ ¨ ,

with differentials δiapuq “ a ¨ u, for all u P Ai .

The resonance varieties of A are the homogeneous sets

Ri pAq “ ta P A1 | H i pA‚, δaq ‰ 0u.

R0pAq “ t0u

R1pAq “ ta P A1 | D b P A1 s.t. a ^ b P Kzt0uu Y t0u, where
K “ kerpA1 ^ A1 Ñ A2q.
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The BGG correspondence
Fix a k-basis te1, . . . , enu for A1, let tx1, . . . , xnu be the dual basis for
A1 “ pA1q_, and identify SympA1q with S “ krx1, . . . , xns, the
coordinate ring of the affine space A1.

The BGG correspondence yields a cochain complex of finitely
generated, free S-modules, LpAq :“ pA‚ bk S , δq,

¨ ¨ ¨ // Ai bk S
δiA // Ai`1 bk S

δi`1
A // Ai`2 bk S // ¨ ¨ ¨ ,

where δiApu b sq “
řn

j“1 eju b sxj .

The specialization of pA bk S , δq at a P A1 coincides with pA, δaq.

a P A1 belongs to Ri pAq iff rank δi´1
a ` rank δia ă bi pAq. Hence,

Ri pAq “ V
´

Ibi pAq

`

δi´1
A ‘ δiA

˘

¯

,

where Ir pψq is the ideal of r ˆ r minors of a matrix ψ.
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Examples
If E “

Ź

kn, then LpE q is the usual Koszul complex. E.g., for n “ 3:

LpE q : S
p x1 x2 x3 q// S3

˜

´x2 ´x3 0
x1 0 ´x3
0 x1 x2

¸

// S3

ˆ x3
´x2
x1

˙

// S .

Hence, Ri pE q “ t0u for 0 ď i ď n and empty otherwise.

If A “
Ź

pe1, e2, e3q{xe1e2y, then

LpAq : S
p x1 x2 x3 q// S3

˜

x3 0
0 x3

´x1 ´x2

¸

// S2 .

Hence, R1pAq “ tx3 “ 0u.

If A “
Ź

pe1, . . . , e4q{xe1e3, e2e4, e1e2 ` e3e4y, then

LpAq : S
p x1 x2 x3 x4 q // S4

¨

˝

x4 0 ´x2
0 x3 x1
0 ´x2 x4

´x1 0 ´x3

˛

‚

// S3 .

Hence, R1pAq “ tx1x2 ` x3x4 “ 0u.
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Koszul modules
The Koszul modules of A: the graded S-modules Wi pAq “ Hi pLpAqq.

Setting E ‚ “
Ź

A1, the first one has presentation

`

E 3_
‘ KK

˘

bk S E 2_
bk S W1pAq,

pδ3
E q_`ιbid

(*)

where
KK “ tφ P A1 ^ A1 “ pA1 ^ A1q_ | φK ” 0u A1 ^ A1 “ E 2_

.ι

The resonance schemes of A are defined by the annihilator ideals of
these S-modules:

Ri pAq “ SpecpS{ annWi pAqq.

The underlying sets, Ri pAq “ suppWi pAq Ă A1, are related to the
resonance varieties by:

ď

iďq

Ri pAq “
ď

iďq

Ri pAq.

In particular, R1pAq “ R1pAq.
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Recall K “ kerpA1 ^ A1 Ñ A2q.

Let L Ď A1 be a linear subspace. We say:
L is isotropic if L ^ L Ď K .

L is separable if K X xLyE Ď L ^ L, where E “
Ź

A1 and xLyE is
the ideal of E generated by L.

Example
If K “ 0, then every subspace L Ď A1 is separable
If K “ A1 ^ A1, then every subspace L Ď A1 is isotropic, but the only
separable subspace is the trivial one.

Example
Let A “ E{pK q, where E “

Ź

pe1, . . . , e4q and
K “ xe1 ^ e2, e1 ^ e3 ` e2 ^ e4y.

Then R1pAq “ xe1, e2y is isotropic but not separable.
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Reduced resonance schemes
Let R1pAq “ L1 Y ¨ ¨ ¨ Y Ls be the decomposition of R1pAq Ă A1 into
irreducible components.

Letting Kj “ K X pLj ^ Ljq, we define S-modules W j
1pAq as in (*).

Assume each component of R1pAq is a linear subspace of A1.

Theorem (AFRS)
(1) If each Lj is separable, then the projectivized resonance scheme is

reduced and its components are disjoint.

(2) If the projectivized resonance scheme is reduced and each Lj are
isotropic, then all its components are separable and disjoint.

(3) If each Lj is separable, then dimrW1pAqsq “
řs

j“1 dimrW i
1pAqsq.

(4) If each Lj is separable and isotropic, then

dimrW1pAqsq “

s
ÿ

j“1

pq ` 1q

ˆ

q ` dim Lj
q ` 2

˙

.
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Resonance varieties of spaces and groups
The resonance varieties of a connected, finite-type CW-complex X are
those of its cohomology algebra: Ri pX q :“ Ri pH‚pX , kqq.

R1pX q depends only on G “ π1pX q.

The geometry of these varieties provides obstructions to the formality
of X (or 1-formality of G ).

They allow to distinguish between various classes of groups, such as
Kähler groups
Quasi-projective groups
Arrangement groups
3-manifold groups
Right-angled Artin groups

Through their connections with other types of cohomology jump loci
(characteristic varieties, Bieri–Neumann–Strebel–Renz invariants),
they also inform on the homological and geometric finiteness
properties of spaces and groups.
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Hyperplane arrangements

Let A be a complex hyperplane arrangement, with complement MpAq.
Then A “ H‚pM,kq is the Orlik–Solomon algebra of A.

The components of the varieties Ri pMpAqq are linear subspaces of
A1 “ k|A|, which depend solely on the intersection lattice LpAq.

The components L1, . . . , Ls of R1pMpAqq admit an explicit
combinatorial description, in terms of “multinets” on LpAq.

Moreover, each linear subspace Lj Ă A1 is isotropic (i.e., ab “ 0 P A2,
for every a, b P Lj), and Li X Lj “ t0u for i ‰ j .

It is not known whether the above properties hold for the resonance
varieties of the OS-algebra of a non-realizable matroid.
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Lower central series

Let G be a finitely-generated group. Define:

LCS series: G “ G1 Ź G2 Ź ¨ ¨ ¨ Ź Gk Ź ¨ ¨ ¨ , where Gk`1 “ rGk ,G s.

LCS quotients: grkpG q “ Gk{Gk`1 (f.g. abelian groups).

LCS ranks: ϕkpG q “ rank grkpG q.

Associated graded Lie algebra: grpG q “
À

kě1 grkpG q, with Lie
bracket r , s : grk ˆ grℓ Ñ grk`ℓ induced by group commutator.

Chen Lie algebra: grpG{G 2q, where G 1 “ rG ,G s, G 2 “ rG 1,G 1s.

Chen ranks: θkpG q “ rank grkpG{G 2q (θk ď ϕk , equality for k ď 3).
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Resonance and Chen ranks
Example (Witt, Magnus, Chen)
Let G “ Fn (free group of rank n). Then:

grpFnq “ Lien (free Lie algebra of rank n) is torsion free, with LCS
ranks ϕkpFnq “ 1

k

ř

d |k µpdqnk{d , where µ is Möbius function.

grpFn{F 2
n q is torsion-free, θ1 “ n and θk “ pk ´ 1q

`

n`k´2
k

˘

for k ě 2.

Theorem (Papadima–S. 2004)
If G is 1-formal, then θkpG q “ dimkWk´2pG q.

Theorem (Cohen–Schenck 2015, AFRS)

Let G be a 1-formal group, and assume R1pG q has linear components
L1, . . . , Ls which are separable and isotropic. Then, for all k " 0,

θkpG q “

s
ÿ

j“1

pk ´ 1q

ˆ

k ` dim Lj ´ 2
k

˙

.
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Toric complexes

Let ∆ Ď 2rns be a simplicial complex on vertex set rns “ t1, . . . , nu.

Let T∆ be the subcomplex of the n-torus T n obtained by deleting the
cells corresponding to the missing simplices of ∆.

T∆ is a connected, formal CW-complex of dimension dimp∆q ` 1.

(Kim–Roush 1980, Charney–Davis 1995) The cohomology algebra
H‚pT∆;kq is the exterior Stanley–Reisner ring

kx∆y “
Ź

V_{peσ | σ R ∆q,

where
V “ kn, with basis v1, . . . , vn.
V_ “ HomkpV ,kq, with dual basis e1, . . . , en.
eσ “ ei1 ^ ¨ ¨ ¨ ^ eis for σ “ ti1, . . . , isu Ď rns.
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Resonance of simplicial complexes
(Papadima–S. 2006/2009) The resonance varieties

Ri p∆q :“ Ri pT∆q “ Ri pkx∆yq

are finite unions of coordinate subspaces of V_:

Ri p∆q “
ď

WĎrns

DσP∆rnszW, rHi´1´|σ|plk∆W pσq,kq‰0

kW,

where
∆W is the induced simplicial subcomplex on vertex set W Ď rns.
lk∆Wpσq is the link of a simplex σ Ă ∆ in ∆W.
kW is the coordinate subspace of kn spanned by tei | i P Wu.

(Denham–S.–Yuzvinsky 2017) Suppose ∆ is Cohen–Macaulay over k
( rH‚plkpσq,kq is concentrated in degree dim∆ ´ |σ|, for all σ P ∆).
Then resonance propagates: R1p∆q Ď R2p∆q Ď ¨ ¨ ¨ Ď Rdim∆`1p∆q.
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Resonance of graphs
If Γ is a (simple) graph on n vertices, then:

R1pΓq “
ď

WĎrns

ΓW disconnected

kW.

The irreducible components of R1pΓq are the coordinate subspaces
kW, maximal among those for which ΓW is disconnected.

The codimension of R1pΓq equals the connectivity of Γ. In particular,
if Γ is disconnected, then R1pΓq “ kn.

Proposition (AFRS)

Let Γ be a connected graph, let Γ1 be a maximally disconnected full
subgraph, and let L1 be the corresponding component of R1pΓq. Then:

L1 is isotropic if and only if Γ1 is discrete.
L1 is separable if and only if Γ “ Γ1 ˚ Γ2.

Hence, isotropic implies separable for the resonance varieties of graphs.
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Square-free modules

Consider the standard Nn-multigrading on S “ krx1, . . . , xns, defined
by degpxi q “ ei P Nn, where ei “ p0, . . . , 1, . . . , 0q.

For a “ pa1, . . . , anq P N, set Supppaq :“ ti | ai ą 0u.

Definition (Yanagawa 2000)
An Nn-graded S-module M is called square-free if for any a P Nn and any
i P Supppaq, the multiplication map xi : Ma Ñ Ma`ei is an isomorphism.

An ideal I Ď S is a square-free module ðñ I is a square-free
monomial ideal ðñ S{I is a square-free module.

A free Nn-graded S-module is square-free if and only it is generated in
square-free multidegrees.
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Proposition
If f : M Ñ N is a morphism of Nn-graded S-modules, and M and N are
square-free modules, then kerpf q and cokerpf q are also square-free.
Moreover, if 0 Ñ M 1 Ñ M Ñ M2 Ñ 0 is an exact sequence of Nn-graded
S-modules, and M 1 and M2 are square-free, then so is M.

Corollary
Let M be an Nn-graded square-free S-module. Then all the modules in the
minimal free Nn-graded resolution of M are square-free.

Corollary
If F is a bounded complex of free square-free S-modules, then the
homology modules of F are also square-free.

Theorem (AFRSS)
If M is an Nn-graded, square-free S-module, then its annihilator is a
square-free monomial ideal. In particular, annM is a radical ideal.
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Koszul complexes and reduced resonance
Fix a basis v1, . . . , vn for V , and let K‚ “ Lp

Ź

V q be the Koszul
complex of x1, . . . , xn, whose i-th free S-module is Ki “

ŹiV bk S .

Set degpvi q “ ei P Nn. Then K‚ is a complex of Nn-graded square-free
S-modules.

For a simplicial complex ∆ on vertex set rns we have Lpkx∆yq “ K∆
‚ ,

where K∆
‚ is the subcomplex of K‚ whose i-th module K∆

i is the free
S-module generated by tvσ | σ P ∆u.

Proposition
For each i ą 0, the Koszul module Wi p∆q “ Hi pK∆

‚ q is an Nn-graded,
square-free S-module.

By definition, the i-th resonance scheme Ri p∆q is the affine
subscheme of V_ defined by the annihilator of Wi p∆q.

Corollary

The resonance schemes Ri p∆q are reduced.
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As an application, we obtain upper bounds on the Castelnuovo–
Mumford regularity and the projective dimension of the Koszul
modules of any simplicial complex ∆ on n vertices.

Proposition
Wi p∆q has regularity at most n and projective dimension at most n ´ i ´ 1.
Moreover, if ∆ is a graph and n ě 4, then regW1p∆q ď n ´ 4.

We also compute the Hilbert series of the Koszul modules Wi p∆q.

Theorem
ÿ

aPN
dimkrWi p∆qsa t

a “
ÿ

bPNn

b square-free

dimk rHi p∆b;kq

ˆ

t

1 ´ t

˙|b|

,

where ∆b “ ∆Supppbq and |b| “ b1 ` ¨ ¨ ¨ ` bn.
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Right angled Artin groups
The fundamental group GΓ “ π1pT∆q is the RAAG associated to the
graph Γ “ ∆p1q “ pV,Eq,

GΓ “ xv P V | rv ,w s “ 1 if tv ,wu P Ey.

Moreover, K pGΓ, 1q “ T∆Γ
, where ∆Γ is the flag complex of Γ.

(Kim–Makar-Limanov–Neggers–Roush 1980, Droms 1987)
Γ – Γ1 ðñ GΓ – GΓ1 .

(Papadima–S. 2006) The associated graded Lie algebra grpGΓq has
(quadratic) presentation

grpGΓq “ LiepVq{prv ,w s “ 0 if tv ,wu P Eq.

(Duchamp–Krob 1992, PS06) The lower central series quotients of GΓ

are torsion-free, with ranks ϕk given by
ź8

k“1
p1 ´ tkqϕk “ PΓp´tq,

where PΓptq “
ř

kě0 fkp∆Γqtk is the clique polynomial of Γ.
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Chen ranks
(PS 06) grpGΓ{G 2

Γ q is torsion-free, with ranks given by θ1 “ |V| and

8
ÿ

k“2

θkt
k “ QΓ

ˆ

t

1 ´ t

˙

.

Here QΓptq “
ř

jě2 cjpΓqt j is the “cut polynomial" of Γ, with

cjpΓq “
ÿ

WĂV : |W|“j

b̃0pΓWq.

Example
Let Γ be a pentagon and Γ1 a square with edge attached to a vertex. Then:

PΓ “ PΓ1 “ 1 ` 5t ` 5t2, and so ϕkpGΓq “ ϕkpGΓ1q, for all k ě 1.
QΓ “ 5t2 ` 5t3 but QΓ1 “ 5t2 ` 5t3 ` t4, and so θkpGΓq ‰ θkpGΓ1q,
for k ě 4.
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Example
Let Γ and Γ1 be the two graphs above. Both have

Pptq “ 1 ` 6t ` 9t2 ` 4t3, and Qptq “ t2p6 ` 8t ` 3t2q.

Thus, GΓ and GΓ1 have the same LCS and Chen ranks.
Each resonance variety has 3 components, of codimension 2:

R1pΓq “ k23 Y k25 Y k35 , R1pΓ1q “ k15 Y k25 Y k26 .

Yet the two varieties are not isomorphic, since

dimpk23 X k25 X k35q “ 3, but dimpk15 X k25 X k26q “ 2.
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