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NATURALITY PROPERTIES AND COMPARISON RESULTS FOR
TOPOLOGICAL AND INFINITESIMAL EMBEDDED JUMP LOCI

STEFAN PAPADIMA!{ AND ALEXANDER 1. SUCIU?

ABsTrRACT. We use augmented commutative differential graded algebra (ACDGA) models
to study G-representation varieties of fundamental groups 7 = 7 (M) and their embedded
cohomology jump loci, around the trivial representation 1. When the space M admits a
finite family of maps, uniformly modeled by ACDGA morphisms, and certain finiteness
and connectivity assumptions are satisfied, the germs at 1 of Hom(r, G) and of the em-
bedded jump loci can be described in terms of their infinitesimal counterparts, naturally
with respect to the given families. This approach leads to fairly explicit answers when
M is either a compact Kéhler manifold, the complement of a central complex hyperplane
arrangement, or the total space of a principal bundle with formal base space, provided the
Lie algebra of the linear algebraic group G is a non-abelian subalgebra of sl (C).
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1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Representation varieties and jump loci. Sheaf cohomology is ubiquitous in ge-
ometry and topology. The parameter space for rank n locally constant sheaves on a path-
connected, pointed CW-complex X with finitely many 1-cells may be identified with the
GL,-representation variety of the fundamental group of X. Twisted cohomology on X is
encoded by the filtrations of these varieties by the (embedded) jump loci. While GL-
representation varieties are finite unions of affine tori, the picture changes dramatically in
higher rank. For instance, the universality theorem of Kapovich and Millson [ 8] states
that PSL,-representation varieties may have arbitrarily bad singularities, away from the
origin 1 (the trivial representation). This is the reason why we focus here on analytic
germs at the origin of the embedded cohomology jump loci. The general case is ana-
lyzed by Budur and Wang in [4], but it seems that explicit computations away from 1 are
intractable in full generality.

By the main result from [9], Theorem B, the germs at 1 of the embedded jump loci
of X are isomorphic to the germs at O of the infinitesimal embedded jump loci of a com-
mutative, differential graded algebra A, provided this CDGA models X, and certain mild
finiteness assumptions are satisfied. Furthermore, in the abelian case, this identification
is natural. One of our main goals here is to extend this natural comparison to the non-
abelian setting, by studying the behavior of jump loci under suitable continuous maps
between spaces and CDGA maps between their models.

By construction, both representation varieties and their infinitesimal analogues are
(bi)functorial. The naturality properties of both types of jump loci are summarized in
Corollaries 5.8 and 5.10. As we point out in Example 5.9, naturality at this level requires
connectivity assumptions for maps, defined in §3.1. What greatly simplifies things in the
abelian case is the existence of a global, exponential map which relates representation
varieties to their infinitesimal counterparts. By way of contrast, it follows from Example
7.10 that no such map exists in the PSL, case, even for compact Riemann surfaces.

To avoid this major difficulty, we construct local analytic isomorphisms between the
two types of jump loci by means of Artin approximation. That is, we replace the respective
local analytic rings by their completions (or by functors of Artin rings), and deduce local
analytic naturality from naturality at the level of completions. This we do in Proposition
2.3, which is a general result about simultaneous Artin approximation. We need this
‘simultaneous’ framework in view of the applications to be derived later on, which involve
families of maps between spaces.

The condition that makes our approach to a natural comparison between embedded
jump loci work is based on the g-equivalence relation for morphisms between augmented
commutative differential graded algebras (ACDGAs), denoted by ~,, and detailed in Def-
inition 3.2. The primary examples we have in mind are the ACDGA morphisms Q(f)
between Sullivan—de Rham models induced by pointed, continuous maps between topo-
logical spaces.



TOPOLOGICAL AND INFINITESIMAL EMBEDDED JUMP LOCI 3

1.2. Natural comparison with respect to finite families of maps. In more detail, the
embedded jump loci we consider in this paper are as follows. First let X be a pointed, path-
connected space with fundamental group x, and let t: G — GL(V) be a representation.
For each i, r > 0, the embedded jump locus of X with respect to ¢ is the pair

(1.1) (Hom(r, G), 7, (X,1))

where ¥(X, 1) is the set of homomorphisms p for which the i-th cohomology group of X
with coeflicients in the local system V,., has dimension at least r.

Next, let A be a CDGA, and let 8: g — gI(V) be a Lie algebra representation. The
infinitesimal analog of the representation variety is the set .% (A, g) € A' ® g of g-valued
flat connections on A. For each i, > 0, the infinitesimal embedded jump locus of A with
respect to 6 is the pair

(1.2) (F(A,0).%,(A,0)),

where Z'(A, 6) is the set of flat connections w for which the i-th cohomology group of the
cochain complex (A ® V,d,,) defined in (5.2) has dimension at least r.

Assume now that ¢ is a rational representation of linear algebraic groups, and both g
and V are finite-dimensional. Under mild g-finiteness conditions on X and A (explained
in §3.2), both Hom(r, G) and .% (A, g) are affine varieties, and their jump loci are closed
subvarieties, forall i < gand r > 0.

We may now state our first main result. Let {f: X — X}/ be a finite family of
continuous maps between pointed, path-connected spaces. For each f € E, we denote
by fi: m — 7, the induced homomorphism on fundamental groups. Let also {®;: A; —
A} er be a family of ACDGA morphisms. Consider a rational representation of linear
algebraic groups, t: G — GL(V), over k = R or C, with tangential representation 6: g —
gl(V). For an affine k-variety 2", we denote by 2, the k-analytic germ of 2" at a point
xe 2.

Theorem 1.1. Fix an integer q > 1, and suppose the following conditions hold:

(1) All the above spaces and CDGAs are g-finite.

(2) Both f and @ are (q — 1)-connected maps, for all f € E.

(3) Q(f) ~4 © in ACDGA, uniformly with respect to f € E.
Under these assumptions, we may find local analytic isomorphisms a: F (A, g)o) =
Hom(r,G)1y and ay: F (Ay,9)0) = Hom(ny,G) ) for all f € E with the property that
the following diagram commutes, for all f € E:

F (A, 8)(0) — Hom(x, G) (1)

@ f®idT ]fﬁ'

(gz.(Af, g) (0) —f> Hom(ﬂf, G)(l)



4 STEFAN PAPADIMA AND ALEXANDER I. SUCIU

Moreover, this construction induces the following commuting diagram of (local, reduced)
embedded jump loci, forall f € E, i < q, andr = O:

(Z (4, 9). %,(A.0))0) —— (Hom(m,G), 7/ (X.1)) )

o f®id] T 1;

i ar i
(F (A, 0). B (A1 0)) ) — (Hom(x. G). % (Xp.0)) )
where both horizontal arrows are isomorphisms of analytic pairs.

The meaning of the g-equivalence relation between continuous pointed maps and ACDGA
maps, uniformly with respect to finite families, is explained in Definition 6.3. For a one-
element family {f}, this condition simply means that Q(f) ~, ®, in ACDGA. For a certain
type of two-element family, the uniformity condition is verified in the next theorem.

Let f: X — Y be a continuous, pointed map between path-connected spaces. Let 7 be
the fundamental group of X, let abf: m - ¢ be the projection onto its maximal torsion-
free abelian quotient, and let fy: X — K (¢, 1) be a classifying map for this projection.
SetA; = (A'H'(X),d = 0).

Theorem 1.2. Suppose that X and Y are q-finite, for some q > 1, and Q(f) ~, @ in
ACDGA, where ®: Ay — Ay is a morphism between q-finite ACDGAs. There is then an
ACDGA map ®y: Ay — Ay inducing an isomorphism on H', and such that Q(fy) ~, @
in ACDGA, uniformly with respect to the families {f, fo} and {®,®y}. Moreover, if f and
@ are 0-connected maps, then all hypotheses from Theorem 1.1 are satisfied for g = 1.

1.3. A general framework for applications. Let 7 be the fundamental group of a 1-
finite manifold M. We aim at finding structural results for (non-abelian) embedded jump
loci of M near the origin, in low degrees. To start with, we want to extract from the
geometry of M a finite family of group epimorphisms, {f;: 7 = 7s}ses(m), induced on
fundamental groups by maps f: M — M onto manifolds of smaller dimension. Next, we
set E(M) = &(M) U {fy}, where fj is a classifying map for the projection abf: 7 — ;.

Let :: G — GL(V) be a rational representation of C-linear algebraic groups. For a
group homomorphism h: 7 — 7/, we let i': Hom(n’,G) — Hom(x, G) denote the in-
duced morphism between the corresponding representation varieties. As explained in
Remark 7.8, the abelian part of Hom(rr, G) near the trivial representation coincides with
the germ abf' (Hom (s, G))(1)- By naturality of jump loci, the natural inclusion,

(1.3) Hom(x,G) 2 U f; Hom(n;,G),
fEE(M)
induces inclusions

(1.4) 7M. 2 | £ (M

fEE(M)
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forall i < 1 and r > 1. Finally, we ask whether the inclusions (1.3) and (1.4) become
equalities near 1.

We focus on the rank 2 case, when the Lie algebra g of G is a non-abelian subalgebra of
s[,(C). Our techniques allow us to treat simultaneously two interesting classes of exam-
ples: (1) quasi-compact Kédhler manifolds (in particular, quasi-projective manifolds), and
(2) closed, smooth manifolds endowed with a free action of a compact, connected, real
Lie group K. In the first case, the family &' (M) consists of equivalence classes of ‘admis-
sible’ maps (in the sense of Arapura [?]) from M to smooth complex curves of negative
Euler characteristic. In the second case, & (M) has only one element, namely the bundle
projection M — M/K.

When the group G is SL,(C) or PSL,(C) and M is a quasi-projective manifold, equality
in (1.3) is related to deep results of Corlette—Simpson [6] and Loray—Pereira—Touzet [20],
which give a rather intricate classification for the G-representations of 7y (M), also valid
away from 1. When M is a quasi-compact Kihler manifold, ¢ = idex, and i = r = 1,
equality in (1.4) near 1 is equivalent to the subtle description of ¥;' (M, ) from [2], again
also valid away from 1. Thus, our results below may be viewed as a more precise version
of the aforementioned work, in a broader context, albeit only near the origin.

Theorem 1.3. Let G be a C-linear algebraic group with non-abelian Lie algebra ¢ <
s,(C), and let t: G — GL(V) be a rational representation. For i = r = 1 and fori = 0,
r = 1, both (1.3) and (1.4) become equalities near the origin 1, provided m = (M) and
either

(1) M is a compact, connected Kdhler manifold;

(2) M is the complement of a (central) complex hyperplane arrangement;

(3) M is a closed, connected, differentiable manifold supporting a free action by a
compact, connected real Lie group K, and the orbit space M /K is formal in the
sense of Sullivan [32].

Here E(M) = &(M) U {fo}, where fy realizes abf: m - mus and the set & (M) consists
of all admissible maps in the first two cases, and the projection M — M /K in the third.

The common strategy of proof is to choose appropriate uniform ACDGA models for the
family E(M) and apply Theorem 1.1 to replace topological by infinitesimal equalities. In
turn, the latter equalities are verified using results from [22] for parts (1)—(2) and from
[28] for part (3).

Compact Kéhler manifolds and complements of complex hyperplane arrangements pro-
vide highly non-trivial examples of uniform formality (over k = R or C) with respect to
finite families of maps. In Proposition 7.4, we reinterpret the main result from [7] in the
following form: Qy(f) ~ H*(f,k) in ACDGA, uniformly with respect to an arbitrary finite
family of holomorphic maps between compact Kihler manifolds. Similarly, we recast in
Proposition 9.3 the main result of [12], as follows: Qu(f) ~ H*(f,k) in ACDGA, uniformly
with respect to the family E(M,,), for any central complex hyperplane arrangement 7 in
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C3 with complement M_,. In this way, we are able to apply Theorem 1.1 in order to prove
parts (1)—(2) of Theorem 1.3.

For part (3), let N = M /K be the orbit space of the free K-action on M, and let f: M —
N be the projection map of the resulting principal K-bundle. Assuming that N has a finite
model Ay over a field k of characteristic 0, we construct in Proposition 8.2 a finite model
Ay for M and an ACDGA map ®,: Ay — Ay such that Q. (f) ~ @, in ACDGA. In the case
when N is formal, we may take Ay = (H*(N,k),d = 0). Applying now Theorems 1.1
and 1.2 completes the proof of Theorem 1.3(3).

Further applications of the techniques that go into proving the above results can be
found in our recent preprint [29]. In particular, in the context of Theorem 1.3, parts (1)-
(2), but for an arbitrary complex linear algebraic group G, it is shown in [29, Theorem
1.1(2)] that the germs f; Hom(n;, G)(1) and g; Hom(r,, G) (1) from decomposition (1.3)
intersect only at the origin, provided the maps f, g € & (M) are distinct. This transversality
property is a substantial non-abelian extension of the corresponding rank 1 result, proved
in [10] in the case when ¢ is the standard isomorphism C* => GL,(C).

1.4. Formal maps and regular maps. The uniformity property for one-element families
of maps may be verified in two further classes of examples: formal maps between formal
spaces, and regular maps between quasi-projective manifolds.

By definition, a continuous map f: X — Y is formal over k if it is modeled in CDGA by
the morphism H*(f,k): H*(Y,k) — H"(X,k), cf. [32, 34]. In Proposition 3.4, we prove
the following: If f is formal over k and H!(f,k) is injective, then Q. (f) ~ H*(f,k) in
k-ACDGA. Applying Theorem 1.1 yields relevant information (summarized in Proposition
6.8) on the map induced by f between the corresponding embedded jump loci.

To state the quasi-projective analogue of the formality property, we need to recall from
[23, 5] some relevant facts. Every quasi-projective manifold M is of the form M\D, where
M is a smooth, projective variety and D is a normal-crossing divisor in M. A regular map
between two such manifolds, f: M — M’, is induced by a regular map f: M — M’ with
the property that f~!(D’) < D. The manifold M admits as a finite CDGA model over C
Morgan’s Gysin model MG (M, D). Furthermore, the regular map f is modeled in C-CDGA
by a certain map ®(f): MG(M', D') — MG(M, D).

In Proposition 9.1, we use relative Sullivan models for CDGA maps to improve on these
known facts, as follows. Let f: M — M’ be a regular map between quasi-projective
manifolds, and let f: (M, D) — (M’, D’) be an extension as above. If H'(f) is injective,
then Qc(f) ~ @(f) in C-ACDGA. We indicate in Remark 9.2 some possible applications
of this result.

1.5. Conventions. All spaces are assumed to be path-connected. The default coefficient
ring is a field k of characteristic 0. (When speaking about analytic germs and analytic
algebras, k will be either R or C.) Graded k-vector spaces are non-negatively graded.
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2. ARTIN APPROXIMATION

Our approach to naturality properties of cohomology jump loci is based on (simultane-
ous) Artin approximation, using the book Tougeron [33] as a basic reference. We start by
proving a general result of this type.

Given a local ring (R, m), we denote by gr.(R) the associated graded ring with respect
to the m-adic filtration. The m-adic completion of R will be denoted by R IfI — Risan
ideal, I will stand for the extended ideal R - I of R. Morphisms between local rings are
assumed to be local.

We will use M. Artin’s theorem on approximating formal power series solutions of
analytic equations by convergent power series (see [33, I1I1.4]) in the following form.

Theorem 2.1. Let R and R be two analytic algebras, and let {Ii}ker anAd {fk}keF be two
finite familiesA of proper ideals in these algebras. Suppose «: R > Risa morphism
sending I, to Ty for all k. There is then a morphism a: R — R such that a(I;) < I, for all
k and gr,(a) = gr,(a).
The next lemma will also be useful in the sequel.

Lemma 2.2. Let R and R be two analytic algebras, and let I < R and I — R be two
proper ideals. Suppose a: R —>AI_€ is a morphism that sends I to I, and a: R — Risan
isomorphism such that a(l) = 1 and gr,(a) = gr,(c). Then a is an isomorphism and
a(l) =1

Proof. 1t follows from [33, III.5] that a morphism of analytic algebras with isomorphic
completions must be an isomorphism, provided the given morphism induces a surjection
on gr,. Consequently, both a: R — R and the induced morphism, a’: R/I — R/I, are
isomorphisms, and the claim follows. O

We are now ready to describe the setup for our approximation result. Let {¢;: R —»
Ri}ice and {¢;: R > R;};cx be two families of epimorphisms between analytic algebras,
indexed by the same finite set E. Furthermore, let {I’ = R}, {7] c I_i’}jeF, {Ilj C Ri}jer,
and {T,J c E}.,-GF be families of ideals iAn the respective aBalytic algebras, indexed by the

same finite set F. Finally, let a’: R = Rand {a;: IE = I_Qi}ieE be isomorphisms between
the respective completions.

Proposition 2.3. In the above setup, assume the following conditions hold, for all i € E
and j € F (as the case may be):

(DI #R<T #R P #R <1 +R.V=R=I=R,T =R=1 =R,
~ o

(2) a(l') =1 ;
~ 2oJ

(3) (@) =T, ;
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(4) (zioa':a'ioési-
There exist then isomorphisms a: R => R and {a;: R; => R;}icx such that
(i) a(l') = Tj.for all je F;
(ii) a;(I') = I forallic Eand j€ F;
(iii) ¢p;joa = a;o ¢; forallic E.
Proof. Without loss of generality, we may assume all ideals in sight are proper, replacing
if need be the set F' by subsets Fo = F and F; < F, fori € E. For each i € E, put
K; = ker(¢;) and K; = ker(¢;), and pick proper ideals, {JZJ C R}jer, and (7 < R} jcr.,
such that ¢,-(Jl.j ) = Il.j and ¢;(J)) = T,. We claim that it is enough to find a morphism
a: R — R such that

(@) gri(a) = gr(a);

(b) a(K;) = K;, forallie€ E;

(c) a(l) < 7],. for all j € Fy;

) a(J)) < T, + K, forall (i, j) € E x F,.

Indeed, by (b), the morphism a: R — R induces morphisms a;: R; — R, foralli e E.
In view of (a), we may apply Lemma 2.2 and deduce that the map a is an isomorphism.
By construction, property (iii) is satisfied. By assumption, equality (4) holds, and so
a(l?i) — K,. Again by Lemma 2.2, the maps a; must be isomorphisms, for all i€eE In
view of (c), we may also apply Lemma 2.2 to each of the ideals I/ < R and 7' < R for
Jj € Fo, and deduce that a(l') = T, thereby verifying property (1). . .

Finally, to verify property (ii), we apply Lemma 2.2 to the ideals I/ = (J! + K;)/K;
R/K; = R;and I = (J) + K;)/K; © R/K; = R; for (i, j) € E x F;. We know from (b) and
(d) that the morphisms a;: R; — R; preserve these ideals. The fact that the isomorphisms
a; identify the completions of these ideals follows from their construction, together with

assumption (3). Moreover, since g; is induced by a and ¢; is induced by «, property
(a) implies that gr,(a;) = gri(a;). Thus, Lemma 2.2 applies once again to show that

a[(ll.j ) = T,. This completes the verification of our claim.

Assumptions (2)—(4) insure that the map a: R => R is a formal series solution of the
analytic system (b)—(d). Applying now Theorem 2.1 completes the proof. O

3. ALGEBRAIC MODELS OF SPACES AND MAPS

The rational homotopy theory of Quillen [30], as reinterpreted by Sullivan in [37],
provides a very useful mechanism for studying topological properties of spaces and con-
tinuous maps by considering commutative differential graded algebra (for short, CDGA)
models for them. In this section, we review the basics of this theory, and draw some
consequences in the formal case.
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3.1. g-connectivity and g-equivalences. We start with some basic terminology, related
to connectivity properties of spaces and CDGAs. Fix 0 < g < o0, usually to be omitted
from notation when ¢ = o0. Let¢y: C* — C’® be a morphism of graded vector spaces. We
say ¥ is g-connected if it is an isomorphism in degrees up to ¢ and a monomorphism in
degree g + 1.

When such a map ¢ is a g-connected morphism of cochain complexes, it is straight-
forward to check that the induced morphism in cohomology, H*(y¢): H*(C) — H*(C’),
is again g-connected. Cochain maps inducing a g-connected map in cohomology will be
called g-equivalences. For g = o0, these maps are also called quasi-isomorphisms in the
literature.

We say that a commutative graded algebra (for short, a CGA) A® is connected if A° is
the k-span of the unit 1 (and thus A° = k). If A is a connected CDGA, then clearly its
cohomology algebra, H*(A), is again connected.

This terminology is inspired by algebraic topology, where a continuous map f: X — Y
between two topological spaces is said to be g-connected if it induces isomorphisms on
homotopy groups up to degree g and an epimorphism in degree g + 1. By Hurewicz’s
theorem, the induced map in cohomology, H*(f): H*(Y) — H"(X), is also g-connected.
Note that the map X — {pt} is g-connected if and only if the space X is g-connected.

Finally, let C be a subcategory of the category of cochain complexes, for instance, CDGA
or the category of differential graded Lie algebras, DGL. Two objects in this category, C
and C’, have the same g-type (denoted C ~, C') if they can be connected in C by a zig-zag
of g-equivalences.

3.2. CDGA models for spaces. We now review the construction and some basic prop-

erties of CDGA models of spaces, following [32, 23, 17, 19, 13, 9]. We will denote by
Q7(X) Sullivan’s de Rham algebra of a topological space X, constructed by using differ-

ential forms with k-polynomial coefficients on standard simplices, see [32]. The resulting
functor Top — k-CDGA has, among other things, the property that H*(Q/ (X)) =~ H"(X,k),
as graded k-algebras.

To define monodromy representations of flat connections (over k = R or C), we will
also need the similar CDGA Q°(X, k), constructed from usual smooth k-forms. It is known
that Q°(X, k) has the same oo-type as the sub-CDGA ©(X), in a natural way.

Let A be a CDGA. For 0 < g < o0, we say that A is a g-model for the space X if
Qu(X) ~, A. We also say that X is g-finite if it has the homotopy type of a connected
CW-complex with finite g-skeleton. Similarly, we say that A is g-finite if it is connected
and dim @), g A! < 0. Once again, we shall omit g from the notation when g = .

The category ACDGA of augmented, commutative differential graded algebras has ob-
jects (A, &), where the augmentation map €: A — k is a morphism of CDGAs, while the
morphisms in this category are the CDGA maps commuting with augmentations. When X
is a pointed space, both Q°(X,k) and Q;(X) become ACDGAs, again in a natural way.
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A connected CDGA A has a unique augmentation map, sending A* to 0, and the unit to
1. Moreover, for every augmented CDGA A’, we have that

(3 1) HOHIACDGA<A, A/> = HomCDGA (A, A/)

3.3. Hirsch extensions and relative minimal models. Let U* = @),., U’ be a positively
graded k-vector space. The free commutative graded algebra on U, denoted by AU°,
is the tensor product of the symmetric graded algebra on U®*" and the exterior graded
algebra on U°Y, We say that a CDGA is free if the underlying CGA has this property. Since
/\U" is connected, it has a unique augmentation, denoted by &y .

Let A = (A° d4) be a CDGA, and denote by Z°(A) the graded vector space of cocycles.
Given a finite-dimensional graded vector space U *, and a degree 1 linear map, 7: U* —
Z*1(A), we denote by (A ®. AU, d) the corresponding Hirsch extension. By definition,
this is the CDGA whose underlying CGA is A* ® AU°, and whose differential restricts to
dy on A and to T on U. If A is an ACDGA with augmentation &4, then A ®, AU is also
an ACDGA, with augmentation €4 ® £y. The Hirsch extension depends only on the map
[t]: U® — H""!(A), in the following sense: if [t] = [7], then A ®, AU =~ A ®. AU in
CDGA, via an isomorphism extending id4. When dim U = 1, we speak of an ‘elementary’
Hirsch extension.

A relative Sullivan algebra with base B is a direct limit of elementary Hirsch extensions,
starting from the CDGA B. When the base is k, concentrated in degree 0, we simply
speak of a Sullivan algebra. Such a CDGA is necessarily of the form .Z = (AU, d).
If im(d) < /\>2U , we say . is a minimal Sullivan algebra. If, moreover, all Hirsch
extensions have degree at most ¢, the CDGA .7 is said to be g-minimal.

A g-minimal model map for a CDGA A is a g-equivalence p: .#, — A, with .#, a g-
minimal Sullivan algebra. Any CDGA A whose cohomology algebra is connected admits a
g-minimal model map. If p": .#, — A is another g-minimal model map for A, then ./

and .#, are isomorphic in CDGA. Consequently, if A and A are two CDGAs with connected

homology, then A ~, A in CDGA if and only if there is a g-minimal CDGA M, and a short
zig-zag of g-equivalences in CDGA of the form

P

(3.2) A

Recall that a relative Sullivan algebra with base B is a CDGA of the form A = (B®
A U,d). When B is an augmented algebra, with augmentation ideal B := ker(gg), the
quotient CDGA, A/(B® A U) = (A U,d), is called the fiber of A. Following [17, 13], we
say that A is a minimal Sullivan algebra in the relative sense if the fiber is minimal. Al-
lowing also degree O Hirsch extensions, we may speak of weak relative Sullivan (minimal)
algebras.

Let ®: B — C be a CDGA map, and assume B is augmented and H *(B) is connected.
A relative minimal model map for @ is an co-equivalence of CDGAs, h: .# — C, where
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A = (B® /\U,d) is a relative minimal Sullivan algebra and h|, = ®. If ® is a 0-
equivalence, then ®@ admits a relative minimal model map; moreover, any two such maps,
h and /', have isomorphic fibers, see [13, §14]. In fact, existence and uniqueness also
hold in the weak sense, assuming only that H°(®) is an isomorphism, see [17, Ch. 6]. In
particular, if ®: B — C is a 0-equivalence and h: .# — C is any relative minimal model
map for @ in the weak sense, then necessarily the fiber of .# is connected. Hence, if @ is
an ACDGA map, then .7 is canonically augmented and both % and the inclusion B — .#
preserve augmentations.

3.4. Homotopies and equivalences. Let A\ (z,dr) be the free, contractible CDGA gener-
ated by 7 in degree 0 and dt in degree 1. For each s € k, letev,: A(t,dt) — k be the CDGA
map sending ¢ to s and dt to 0. This map induces another CDGA map,

(3.3) Bv, = id®ev,: AQ A(t,dl) > A®k = A.

Definition 3.1. Two CDGA maps Y, ¢;: A — A’ are said to be homotopic (in CDGA) if
there is a CDGA map W: A — A’ ® A(t,dt) such that Ev, oW = y, for s = 0, 1. Likewise,
two ACDGA maps ¥, and ¢, as above are homotopic (in ACDGA) if the homotopy ¥ also
satisfies Ev' o = &, where Ev’ denotes the CDGA map & ®id: A’ ® A(r,dt) — (¢, dt).

Plainly, equality of maps implies homotopy, in both categories. Note that augmented
homotopy is strictly stronger than homotopy. Another useful remark is that homotopic
maps in CDGA induce the same map in cohomology.

Denote by ACDGA, the full subcategory of ACDGA whose objects have connected coho-
mology. Fix an integer g > 0.

Definition 3.2. An elementary g-equivalence in ACDGA, between two ACDGAj-morphisms
®y: Aj — Agand @;: A} — A, consists of two ACDGA maps, ¥: A; — Agandy/': A] —
A}, both of which are g-equivalences, and such that yo®; is homotopic to ®yoy’ in ACDGA.
We denote by ~, the associated equivalence relation between morphisms in ACDGA,.

In other words, if ®: A" — A and ®: B — B are two such morphisms, we say that
® ~, @ in ACDGA, if there are two zig-zags, Z and Z', of g-equivalences in ACDGA, and

ACDGA maps @y, ..., D, ; such that the following diagram commutes, up to augmented
homotopy:
7. A Yo A Y1 o A Ye—1 B
(3.4) (D[ D T ]‘D[l ](f)
v v Vi
zZ . A Al e Al B'.

Forgetting augmentations in Definition 3.2, we obtain the equivalence relation =~ be-
tween maps in CDGAy. When g = oo, we will simply write this as ® ~ .
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Lemma 3.3. Let A and A be two ACDGAs. Assume H*(A) is connected, and let p: M, —
A be a g-minimal CDGA model map as above. Then A ~, A in CDGA if and only if there is
a short zig-zag of g-equivalences in ACDGA as in (3.2).

Proof. By the discussion from §3.3, we have that A ~, A in CDGA if and only if A and

A share the same ¢g-minimal model M. The fact that .Z,, is connected takes care of the
augmentations. O

3.5. Formal spaces and maps. We conclude this section with some formality notions,
for both spaces and maps, as well as models thereof. To start with, we say that a CDGA A is
g-formal if (A®,d) ~, (H*(A),d = 0) in CDGA. Clearly, g-formality implies p-formality,
for all p < ¢g. By definition, a space X is g-formal over k if Q;(X) has this property. A
g-finite, g-formal space X has the g-finite g-model (H"(X),d = 0). As before, we will
mostly omit g from notation when g = co0. Compact Kihler manifolds are well-known to
be formal, by the main result from [7].

Following [32, 7, 34], we say that a morphism ®: A" — A in CDGA, is formal if there is
a diagram consisting of two elementary equivalences in CDGA,,

A" — " (HYA),d = 0)
(3.5) cp] @] TH'«D)
A" (HA),d=0),

such that both .# and .#' are minimal Sullivan algebras. Furthermore, we say that a
continuous map f: X — X’ is formal (over k) if the induced morphism between Sullivan
de Rham models, Q (f): Qi (X’) — Qi (X), has this property.

Proposition 3.4. Let f: X — X' be a continuous map between pointed spaces. Assume
that f is formal overk, and H'(f) is injective. Then Q(f) ~ H"*(f) in k-ACDGA,.

Proof. In [34, 11.3], Vigué-Poirrier uses the formality of the map f to construct a com-
muting diagram in CDGA of the form

QX) —— NU'® \U —2— (H*(X),d = 0)
(3.6) o f)T j _ ]H%f)
QX)X AU —L— (H*(X'),d = 0)

where all horizontal arrows are co-equivalences and j is the canonical inclusion. More-
over, ¢/ and ¢’ are minimal model maps (in particular, /\ U’ is connected), and A U’ ®
/\ U is a relative minimal Sullivan algebra in the weak sense, with base A U’.

The injectivity assumption on H!(f) implies that H*(f) o /' is a 0-equivalence. From
the discussion in §3.3, we deduce that U® = 0. This shows that A\ U’ ® A U is also
connected. Hence, (3.6) is a commuting diagram in ACDGA,, and our claim follows. O
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4. DEFORMATION THEORY OF REPRESENTATION VARIETIES

Following Goldman—Millson [15] and Manetti [21], we recall, in a convenient form,
two basic properties of the deformation functor associated to a differential graded Lie
algebra (DGL for short). We then apply these techniques to the representation varieties of
discrete groups.

4.1. Deformation functors. We denote by Art the category of Artinian local k-algebras.
Given such an algebra (A, ma) and a differential graded Lie algebra L, we consider the
(nilpotent) DGL L ® ma, and the set of solutions (called flat connections) to the Maurer—
Cartan equation,

4.1) ﬂ(L@mA)z{weLIC@mA|dw+%[w,w]=O},
with basepoint 0 € .% (L ® my). Clearly, this construction is bifunctorial. Let
4.2) G(L®ma) = exp(L° @ my)

be the (Campbell-Hausdorff) gauge group of the nilpotent Lie algebra L° ® ma, with
underlying set L° ® ma. This group acts bifunctorially on .% (L ® ma) by

o ad(a)”
4.3) exp(a) - w=w+ nz_o Y

The deformation functor, Def : Art — Set, is defined by

n ([a, w] — da).

It is readily seen that every DGL-morphism ¢/: L — L' induces a natural transformation,
Def, : Def; — Def,.

We now may state the Deligne—Schlesinger—Stasheff theorem, as recorded and proved
in [15, Thm. 2.4].

Theorem 4.1. If L ~; L' in DGL, then the deformation functors Def; and Def;, are natu-
rally isomorphic.

4.2. Homotopy invariance. The homotopy relation in DGL takes the following form.
Given a DGL L, let us form the DGL L& /\ (¢, dt), endowed with the canonical tensor product
structure. For each s € k, we defined in §3.4 an evaluation CDGA map, ev,: A(z,dt) — k,
which sends ¢ — s and dt — 0. Proceeding as before, we extend this map to a DGL map,
Ev, =id®ev,: L® A\(t,dt) > LRk = L.

Two DGL maps v, ¥ : L — L’ are said to be homotopic if there is a DGL map ¥: L —
L' ® \(t,dt) such that Evyo¥ = y for s = 0,1. The notion of homotopy between
DGL maps is related to deformation functors via the following basic result of Manetti [21,
Thm. 5.5].
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Theorem 4.2. Let L be a DGL, and let A be a local Artin algebra. Two flat connections
Bo,B1 € F(L® my) are equal in Def,(A) if and only if there is a flat connection w €
F(L® \(t,dt) ® ma) such that (Ev;®id)w = B, for s = 0, 1.

This theorem has an immediate corollary, which will be useful in the sequel.
Corollary 4.3. If o,y : L — L' are homotopic in DGL, then Def,, = Def,.

4.3. Deformation theory of CDGAs. We consider now the bifunctor CDGA x Lie — DGL
which associates to a CDGA A and a Lie algebra g the DGL

4.5) L=A®aq,

endowed with the canonical tensor product structure [a ® g,d' ® g'| = ad’ ® [g, ¢'] and
differential )(a ® g) = da ® g.

We will also need an augmented version of this construction. Given an augmented
CDGA (A, &) and a Lie algebra g, we denote by A = ker(¢) the augmentation differential
ideal, and we consider the sub-DGL L=A ® g of the DGL L = A ® g. This construction is
again bifunctorial.

Remark 4.4. Given a g- equlvalence VS HomACDGA(A A’), it is easy to check that the
induced maps, A — A’ and ¥ ®id: L — I are again g-equivalences, pr0V1ded that
both H*(A) and H*(A’) are connected. Consequently, if A ~, A" in ACDGA, then L ~, L
in DGL.

Let g be a Lie algebra. The proof of the next lemma is straightforward.

Lemma 4.5. A CDGA homotopy, ¥: A — A’ ® A(t,dt), between two maps, o and Y,
induces a DGL homotopy, ¥ ® id: A® g —> A’ ® ¢ ® A(t,dt), between the maps Y, ® id
and Y ®1 id. Moreover, if ¥ is an augmented homotopy, then Y induces a DGL homotopy,
PRid: AQg—> A ®@g® A(t,dt), between the maps o ® id and J; ® id.

4.4. Deformation theory of augmented CDGAs. Our next goal is to relate g-types of
CDGAs to the deformation theory of ACDGAs. Fix ¢ > 1, and let Z be a zig-zag of ¢-
equivalences in ACDGA,

(4.6) Ap il A b, A€1W—1>A£,

where H(Ag) = k - 1. By Remark 4.4 and Theorem 4.1, the zig-zag Z induces a natural
bijection

47) Bz: F(A®a@Mp)/D (A @3 @ Mmp) — . F (A)® g @ Ma) /D (Ag ® g @ Mp)

for all local Artin algebras A. It is important to note that, if Z and Z’ are two different
zig-zags of g-equivalences connecting Ay to A,, then the bijections 87 and 57 may also be
different.
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Proposition 4.6. Let p: 4, — Ay be a g-minimal model map. There is then a short
zig-zag of g-equivalences in ACDGA,

such that B; = Bs.

Proof. We will construct, by induction on 0 < i < ¢, a collection of g-minimal model
maps p;: .#, — A;, which form, together with the maps y; from (4.6), homotopy-com-
mutative triangles in ACDGA, starting with po = p. Once this done, we set p = p,. The
equality 8, = By then follows from Lemma 4.5 and Corollary 4.3.

For the induction step, we first assume that ;: A; — A;.1. Then we take p;+1 = ¥; 0 p;.
Finally, suppose that ¢;: A;;1 — A;. The lifting property up to homotopy for CDGA maps
also holds for ACDGA maps, and implies that we may find a CDGA map p;: A, — Aiy
such that ¢; o p;, | is homotopic to p; in ACDGA. The fact that p;, | must be a g-equivalence
is easily checked, thereby completing the proof. O

4.5. Representation varieties. Let 7 be a discrete group, and let G be a k-linear algebraic
group. The set Hom(r, G) of group homomorphisms from 7 to G has a natural structure
of an affine scheme. This set depends bi-functorially on 7 and G, and has a natural base
point, the trivial representation, 1. Furthermore, G acts by conjugation on Hom(x, G).

Now suppose 7 is a finitely generated group. (Note that the fundamental group m =
m1(X, x) of a pointed CW-space is finitely generated if and only if X is 1-finite.) In this
case, the set Hom(7r, G) has a natural structure of affine variety, called the G-representation
variety of . Moreover, every homomorphism ¢: 7 — 7’ induces an algebraic morphism
between the corresponding representation varieties, ¢': Hom(n', G) — Hom(x,G). We
will come back to this point in Lemma 5.3.

Clearly, the G-representation variety of the free group F, is equal to the n-fold direct
product G". Much is known about the varieties of commuting matrices, for instance,
that Hom(Z?, GL,(C)) is irreducible. Nevertheless, many open questions remain about
the precise structure of the varieties Hom(Z", G), see for instance [3, 1] and references
therein. Perhaps the most-studied family of representation varieties is that of fundamental
groups of closed orientable surfaces X,. For instance, it is known that Hom(mr,(%,), G)
is connected if G = SL,(C), and an absolutely irreducible and Q-rational variety if G =
GL,(C), see [14, 31].

4.6. Flat connections. The infinitesimal counterpart to the representation varieties is pro-
vided by the space of flat connections. Given a CDGA A and a Lie algebra g, we will denote
by -7 (A, g) the set of flat connections on the DGL A ® g. This set behaves bi-functorially,
and has a natural basepoint, the trivial flat connection 0. For a local Artin k-algebra A, the
gauge group

(4.8) G(AQg@ma) = exp(A’ @ 3@ ma)
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acts naturally on .7 (A®g®ma). If A is an augmented CDGA, we have that % (K@g@mA) =
F(AQa@my) and (A ® g®@ma) € 9(A ® g ® my), with the augmented gauge group
acting by restriction. In the particular case when A is connected, the augmented gauge
group is trivial, and we obtain a natural identification,

(4.9) F (A, g®mp) = Defjg, (A).

If both A! and g are finite-dimensional, then the set .% (A, g) has a natural structure of
affine variety, which we shall call the g-variety of flat connections on the CDGA A.

Now let (X, x) be a pointed space with fundamental group n, and let G be a linear
algebraic group over k = R or C, with Lie algebra g. The monodromy construction from
[9, §6.3] gives a map

(4.10) mon: % (Q(X,k),3) — Hom(x, G)

which extends the classical monodromy map for smooth manifolds, and has nice naturality
properties. Furthermore, for each local Artin k-algebra A, we have a natural monodromy
map

(4.11) mon: .Z (Q(X,k), s ® ma) — Hom(mr, exp(g ® ma)) .

The equivariance property of the monodromy map for smooth manifolds described in
[15, (5-8)] can be extended to arbitrary topological spaces, as follows.

Lemma 4.7. For any gauge equivalence a € 94 (Q(X, k) ® g ® ma), we have a commuting
diagram,

Z(Q(X,k), 3 ® ma) —— Hom(r, exp(g @ ma))

F(Q(X,k), 3 ® my) ——= Hom(mr,exp(ag ® mn)),

where c, stands for the conjugation action by —(& ® id)(a) and e ® id: Q°(X,k) ® ¢ ®
ma — § ® Mg is given by the augmentation € of Q(X,k) corresponding to the basepoint
x. Consequently, the monodromy map factors through the action of the augmented gauge
group.

We will repeatedly work under the assumptions of Theorem B from [9]. Namely, we
fix an integer ¢ > 1, and we let X be a pointed, g-finite space with fundamental group .
Next, we assume there is a g-finite CDGA A such that Q(X, k) ~, A in CDGA. Finally, we
let G be a linear algebraic group over k = R or C, with Lie algebra g.

Now let p;: A — Q(X,k) be a ‘mj-adapted’ 1-minimal model map, as in [9, §6.4]. By
minimal model theory of CDGAs, we may extend p; to a g-minimal model map, p,: .#, —
Q(X, k). By Lemma 3.3, we may find a zig-zag of g-equivalences in ACDGA of the form

Pq Pq

(4.12) S: (X, k) A

My
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which fits into the basic setup from [9, §7.2]. We will call such zig-zag special.
The next result is a topological analog of Theorem 6.8 from [15], proved only for
smooth manifolds.

Theorem 4.8. Let X be a 1-finite space. Then the natural map

mon: 7 (Q(X,k) ® 6 ® ma) /4 (Q(X, k) ® g ® ma) — Hom(r, exp(g ® ma))
from Lemma 4.7 is a bijection, for all local Artin k-algebras A.

Proof. Letp;: A — Q(X,k) be a mj-adapted 1-minimal model map. By [9, Prop. 6.16],
the composite

F(N ®@g@ma) 225 Z(Q(X,K) ® § @ ma) —2 Hom (7, exp(g @ mia))

is a bijection. Since .4 is connected, formula (4.9) allows us to replace .7 (A4 ® g @ mp)
by Def 5 (A). Using now Lemma 4.7, we see that the above bijection is equal to the
composite

/1®id

Def A) —— Def A) —"~ Hom(r,exp(g ® ma)) .

ﬁ@g( (Xk)®qg (

Finally, it follows from Theorem 4.1 and Remark 4.4 that the map p,®id is also a bijection,
and this completes the proof. O

Assume again that the hypotheses of Theorem B from [9] are satisfied. Let Z be a zig-
zag of g-equivalences in ACDGA as in (4.6), connecting Ay = Q(X,k) to A, = A. Using
Theorem 4.8 and formula (4.9), we may then define a natural bijection

(4.13) @z :=monofz: F(A,g®my) — Hom(mr,exp(g @ my)) .

Corollary 4.9. For any zig-zag Z as above, there is a special zig-zag S such that ay = as.

Proof. Let p,: M, — Q(X,k) be a g-minimal model map extending a m;-adapted 1-
minimal model map p;: .4/~ — Q(X,k). By Proposition 4.6, there is a special zig-zag S
as in diagram (4.12) such that 8; = Bs. The claim follows. |

5. COHOMOLOGY JUMP LOCI AND NATURALITY PROPERTIES

We now define two types of cohomology jump loci (one for spaces and the other for
CDGAs), and study some of the naturality properties these algebraic varieties enjoy.
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5.1. Embedded cohomology jump loci. Let (X, x) be a pointed, path-connected space.
Set 7 = m;(X, x). For a k-linear algebraic group G, the set Hom(x, G) is a parameter
space for finite-dimensional local systems on X of type G. When the space X is 1-finite
(or, equivalently, when the group 7 is finitely generated), this parameter space is an affine
k-variety. Whenk = R or C, we let Hom(mr, G)(1) be the analytic germ at 1 of this variety,
and we denote by R = R(r, G) the analytic local algebra of this germ.

Given a CDGA A°and a Lie algebra g, let % (A, g) be the set of g-valued flat connections
on A. When both A! and g are finite-dimensional, this set is an affine variety. We shall
denote by R = R(A, g) the analytic local algebra of the germ .% (A, g) (o). Assume now that
both X and A are 1-finite, and that Q,(X) ~; A as CDGAs. Letting g be the Lie algebra of
G, it then follows from [9, Prop. 7.6] that the local algebras R and R are isomorphic.

Given a representation 7: 7 — GL(V), we let V, denote the local system on X as-
sociated to 7, that is, the left 7-module V defined by g - v = 7(g)v. Furthermore, we
let H*(X, V) be the twisted cohomology of X with coefficients in this local system, see

e.g. [35].

Definition 5.1. The characteristic varieties of the space X in degree i > 0 and depthr > 0
with respect to a representation ¢: G — GL(V) are the sets

7 (X,1) = {p € Hom(n,G) | dimy H'(X, V..,) > r}.

For each i > 0, the sequence {¥/(X,()},>¢ is a descending filtration of Hom(x,G) =
7/0" (X,¢). In the rank 1 case, i.e., when ¢ is the canonical identification k* — GL, (k), we
will drop the map ¢ from the notation, and simply write #//(X). When X = K(x,1) is a
classifying space for the group mr, we will denote the corresponding characteristic varieties
by V! (m,1).

We will refer to the pairs

(5.1) (Hom(x,G), ¥/ (X,1))

as the (global) embedded jump loci of X with respect to ¢. Clearly, such pairs depend only
on the homotopy type of X and on the representation ¢. If ¢ is a rational representation and
X is a g-finite space for some ¢ > 1, then the sets ¥/(X, ) are closed subvarieties of the
representation variety Hom(xr, G), for all i < g and r > 0; see [9, 4].

5.2. Infinitesimal cohomology jump loci. To define the infinitesimal counterpart of these
loci, we start with a CDGA A°®, a Lie algebra g, and a representation §: g — gI(V). For each
flat connection w € .% (A, g), we turn the tensor product A ® V into a cochain complex,

(5.2) A@V.d,): A'QV-L-Al@V oAyt ..

using as differential the covariant derivative d,, = d ® idy + ad,,. Here, if w = >, a; ® g,
with @; € A' and g; € g, then ad,,(a ®Vv) = > a;,a®0(g;)(v), forallac Aand v € V. It is
readily checked that the flatness condition on w insures that a’f) = 0, see [9].
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Definition 5.2. The resonance varieties of the CDGA A° in degree i > 0 and depth r > 0
with respect to a representation 6: g — gl(V) are the sets

(5.3) Z'(A.0) = {we F(A,q) | dim H(A®V,d,) = r}.

For each i > 0, the sequence {Z'(A,0)},>o is a descending filtration of .7 (A,g) =
(A, 0). In the rank one case, i.e., the case when 6 is the canonical identification k —
al, (k), we will simply write Z'(A) for the corresponding sets.

We will refer to the pairs

(5.4) (F(A.0). %(A.0))

as the (global) infinitesimal embedded jump loci of A with respect to 8. If A is g-finite
for some g > 1, and both g and V are finite-dimensional, the sets Z'(A, ) are closed
subvarieties of .% (A, g), for all i < g and r > 0; see [9, 4].

Assume now that both the space X and the CDGA A° are g-finite, for some g > 1,
and that Qy(X) ~, A as CDGAs. Let :: G — GL(V) be a rational representation, and
let : ¢ — gI(V) be its tangential representation. As shown in [9, Thm. B], there is
then an analytic isomorphism .% (A, g) ) = Hom(xr, G)(y) restricting to isomorphisms
(A, 0)0) = V' (X,1)() between the reduced analytic germs of the corresponding jump
loci, forall i < gand r > 0.

We aim in this section at also taking into account in this setting of continuous maps
between pointed spaces and of augmented maps between their g-models. We start with
a preliminary observation, which follows directly from the definitions. Namely, for all
i<gandr >0,

(5.5) le Vi(X,1) = 0e % (A,0) < b;-dim(V) > r,
where b; = b;(X) = b;(A) denotes the i-th (untwisted) Betti number.
5.3. Naturality properties of representation varieties. As mentioned previously, both
ambient spaces for jump loci, Hom(r, G) and .% (A, g), are bifunctorial. On the other
hand, for continuous and CDGA maps, naturality of (global) jump loci requires certain

connectivity hypotheses. To begin, we only assume the minimally required connectivity
and finiteness conditions.

Lemma 5.3. Let f: (X,x) — (X', x") be a O-connected, pointed map, and let f; be the
induced homomorphism on fundamental groups. Assume that X is 1-finite. Then, for every
linear algebraic group G, the morphism induced by f; on representation varieties,

(5.6) f;» Hom(m(X'), G) — Hom(m (X), G) ,
is an isomorphism onto a closed subvariety.

Proof. Our 0-connectivity assumption on f means that the homomorphism f; is surjective.
Our 1-finiteness assumption on X, then, implies that both fundamental groups are finitely
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generated. Let us present 77y (X) as the quotient F,,/R of a free group on m generators, and
then use the presentation for 7 (X’) induced by f;.

By construction, the representation variety Hom(mr;(X), G) is the closed subvariety of
G™ defined by the equations given by the relators in R. The variety Hom(x(X’), G) sits
also in G™, with the same defining equations as Hom(rr; (X), G), plus the equations coming
from the lifts to F,, of the elements of ker(f;). The claim readily follows. O

5.4. Holonomy Lie algebras. Before proceeding, let us recall from [22, §4] the con-
struction of the holonomy Lie algebra )(A) of a 1-finite CDGA (A, d). Set A; = (A")*, and
let L(A) be the free Lie algebra on the dual vector space A;. We then define

(5.7) H(A) :=L(A)/ideal(im(d* + U™)),

where d*: Ay — A = L'(A;) and U*: A, — A} A A; = L*(A,) are the maps dual to the
differential and the multiplication map in A, respectively. This construction is functorial:
if y: A’ — A is a morphism of 1-finite CDGAs, then the linear map ¢; = (y')*: A, —
A’ extends to a Lie algebra morphism L(y): L(A;) — L(A]), which in turn induces
a Lie algebra morphism b(y): h(A) — H(A’). Finally, as shown in [22, Prop. 4.5], the
canonical isomorphism A' ® g => Hom(A;, g) restricts to an identification .7 (4, g) =
Homy;.(H(A), g).

Lemma 5.4. Lety: A’ — A be a 0-connected CDGA map. Assume that A is 1-finite. Then,
for every finite dimensional Lie algebra g, the morphism

(5.8) Yy®id: F(A,g) — F(A,q)
is an isomorphism onto a closed subvariety.

Proof. Our O-connectivity assumption on ¢ means that both A and A’ are connected
CDGAs, and that ¢ is injective in degree 1. Our 1-finiteness assumption on A, then, im-
plies that A’ is also 1-finite. Furthermore, the injectivity of ' also implies that the map
h(y): H(A) — H(A') is surjective.

Using the above discussion, we may replace the affine map y®id: .7 (A’,g) — Z (A, g)
between spaces of flat connections by the induced map

(5.9) b(¥)': Hompse(h(A"), ) —= Homyse(H(A), 9)
between representation varieties of Lie algebras. The desired conclusion follows by the
same argument as in Lemma 5.3, with groups replaced by Lie algebras. O

As we saw in the above proof, the 0-connectivity of the CDGA map ¢ implies the sur-
jectivity of the Lie algebra map h(y). The next example shows that the latter property is
strictly weaker than the former. Nevertheless, we chose to state the lemma the way we
did, since higher connectivity properties for CDGA maps will be needed later on.
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Example 5.5. Let A be the cohomology ring of S' v S, with trivial product and differ-
ential. Plainly, the holonomy Lie algebra ) = h(A) is the free Lie algebra on 2 generators.
Let §/T'5(h) be the third nilpotent quotient of b, and let A’ be the cochain CDGA of this
nilpotent Lie algebra. Denote by y: A’' — A! the dual of the composite A; — h — b/T’3b.
It is not hard to check that ¢ extends to a morphism y: A” — A between finite CDGAs,
with the property that h(y) is surjective. On the other hand, the map ¢ is not O-connected,
as can be seen by inspecting dimensions in degree 1.

5.5. Naturality properties of jump loci. We now turn to the naturality properties of
embedded cohomology jump loci.

Lemma 5.6. Let f: (X,x) — (X', x') be a g-connected, pointed map, and let f; be the
induced homomorphism on fundamental groups. Let 1: G — GL(V) be a representation.
Then the natural map

(5.10) H(f): H' (X', Vi) — H*(X, Vioy) ,
where p = fﬁ’ (0') for p' € Hom(rr|(X'),G), is g-connected.

Proof. Without loss of generality, we may assume that G = GL(V) and ¢ is the identity
map. Using standard CW-approximation results from homotopy theory, as recounted for
instance in [35, Ch. V], we may replace f, up to homotopy, by the inclusion of a CW-
subcomplex X into a CW-complex X’. Since f is assumed to be g-connected, X’ may be
obtained by attaching cells of dimension at least g + 2 to X.

Using the long exact sequence in cohomology for the pair (X', X), we see that our claim
is equivalent to the vanishing of the twisted cohomology groups H'(X’, X; V) fori < g+1,
for an arbitrary local system V on X’. Denote by {X/} the relative skeletal filtration of X'.
It is well-known that H*(X’, X; V) can be computed as the cohomology of the cellular
twisted cochain complex, whose degree n term is H"(X/, X' _;V), see e.g. [35, Ch. VI].

n—1°
On the other hand, X; = X/ | = X forn < g + 1, and this completes the proof. m]

Lemma 5.7. Let y: A’ — A be a q-connected map in CDGA, and let §: g — gl(V) be a
Lie algebra representation. Then the natural map

(5.11) H'W): H'(A' ®V,d,) — H (AR V,d,) ,
where w = (Y ®1id) (o) for ' € F(A', ) is g-connected.

Proof. Without loss of generality, we may assume that g = gI(V) and 6 is the identity
map. Since ¥ is g-connected, the cochain map ¥ ®id: (A’'®V,d,) — (A®V,d,) is again
g-connected. The claim follows from Lemma 2.6 in [22] and its proof. m|

Corollary 5.8. Let f: X — X' be a (¢ — 1)-connected map between q-finite pointed
spaces, for some q > 1, and let .: G — GL(V) be a rational representation. Then the
induced morphism

(5.12) f;+ Hom(m,(X'), G) — Hom(,(X), G)
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is a closed embedding which induces isomorphisms ¥,'(X',1) — ¥(X,)nHom(m(X’), G)
foralli < qandr > 0, and embeddings ¥, (X',1) — ¥ (X,¢) forall r = 0.

Proof. The fact that fﬁ’ is a closed embedding follows from Lemma 5.3. The other asser-
tions are immediate consequences of Lemma 5.6. O

If f: m - 7’ is an epimorphism between finitely generated groups, the case ¢ = 1 from
Corollary 5.8 implies that the morphism f*: Hom(n',k*) — Hom(x,k*) sends #;' (')
into ¥,! (). Without the O-connectivity (i.e., surjectivity) assumption on f, the conclusion
may fail, as illustrated in the following simple example.

Example 5.9. Let f: Z — F, = (x,y) be the inclusion sending 1 to x. Then f*: (k*)* —
k* is the projection onto the first factor. On the other hand, ¥,'(F,) = (k*)?, whereas
H(Z) = {1}.

Corollary 5.10. Let y: A* — A be a (q — 1)-connected map between q-finite CDGAS
for some q = 1, and let 0: ¢ — gl(V) be a Lie algebra representation, with g and V
finite-dimensional. Then the natural morphism

(5.13) Yy Rid: F (A, g) — F(A,q)

is a closed embedding which induces isomorphisms Z'(A’,0) — %'(A,0) n F(A',q) for
alli < qand r > 0, and embeddings %, (A’,0) — % (A, ) for all r = 0.

Proof. The fact that ¥ ® id is a closed embedding follows from Lemma 5.4. The other
assertions are immediate consequences of Lemma 5.7. O

Corollary 5.11. Let X be a pointed space with fundamental group n, let f: X — K :=
K(m, 1) be a classifying map, and let .: G — GL(V) be a representation. Then the
induced isomorphism fﬁ!: Hom(m(K),G) — Hom(r(X),G) restricts to isomorphisms
Vi (m,0) = V(X 0) fori < landr = 0.

Proof. The map f is 1-connected, and so the claim follows from Lemma 5.6. O

5.6. Finite families of epimorphisms. We conclude this section with a setup that will
often recur in the sequel. Let 7 be a finitely generated group, and let {f: 7 - 7/} s be a
finite family of epimorphisms. Let t: G — GL(V) be a rational representation of C-linear
algebraic groups. By Corollary 5.8, the natural inclusion

(5.14) Hom(n,G) 2 Uf’ Hom(ns,G)
feE
induces for each i < 1 and r > 1 an inclusion

(5.15) V! (m,0) 2 Uf!”//,i(nf,t).

feE
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One of our main goals for the remainder of this paper is to delineate several large classes
of groups endowed with the required finite families of epimorphisms, for which the above
two inclusions hold as equalities near 1.

6. A NATURAL COMPARISON BETWEEN EMBEDDED JUMP LOCI

This section is devoted to proving our main naturality result.

6.1. Functors of Artin rings. Returning now to the setup from §§4.5-4.6, let X be a
pointed, 1-finite space, and assume there is a 1-finite CDGA such that Q;(X) ~; A in
CDGA. Let 7 = m;(X), and let G be a linear algebraic group, with Lie algebra g. We
wish to compare the analytic germs Hom(x, G)(;y and .7 (A, g)0). Let R and R be the
respective coordinate local algebras. By Artin approximation, we may start by looking at
the completions of these rings, RandR. Alternatively, we may analyze the corresponding
functors of Artin rings,

©.1) ha(A) = Hom(R,A) and h=(A) = Hom(R, A),

for A alocal Artin algebra, where Hom stands for morphisms of local algebras. We recall
that 7i3(A) = Hom(rr, exp(g ® ma)), see [15], and h=(A) = F (A, g ®@ma), see [9].

Let Z be a zig-zag of 1-equivalences in ACDGA connecting O (X) to A, as in (4.6). It
follows from Theorem 4.8 that the natural bijection @ defined in (4.13) yields an isomor-
phism

~

6.2) as: R—R.

Assume now that X and A are g-finite, for some g > 1, and that Q(X) ~, A in CDGA.
As usual, let t: G — GL(V) be a rational representation, with tangential representation
6: g — gl(V). For each i < g and r > 0, we denote by I. < R the radical of the defining
ideal of the germ #/(X, ¢)(1) inside Hom(xr, G)(y). Similarly, we will let 1. < R stand for
the radical of the defining ideal of the germ %:(A, 0)(q) inside .Z (A, g) o).

Lemma 6.1. For any zig-zag Z as above, the isomorphism az: R—R from (6.2) identifies
IA;' with I, for all i < q and r = 0.

Proof. In view of Corollary 4.9, we may replace the zig-zag Z by a special zig-zag S. The
claim for S follows from [9, Lem. 9.9]. O

Now let f: X — X’ be a pointed map, let ®: A’ — A be a CDGA map, and assume
both spaces and CDGAs are g-finite, for some ¢ > 1. Let ¢: R — R’ be the morphism of
local rings induced by the map fﬁ!: Hom(n’, G) — Hom(r,G), and let ¢: R — R be the
morphism of local rings induced by the map ® ®id: .# (A, g) — F(A,g).
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Suppose there is a g-equivalence in ACDGA, between the maps Q (f): Qx(X') — Qx(X)
and @: A’ — A. We then obtain zig-zags Z' from Q(X’) to A" and Z from Qi (X) to A; let

@:R — R anda: R — R be the corresponding isomorphisms, given by (6.2).
Lemma 6.2. With the above setup, we have that o' o ¢ = ch oa.

Proof. In terms of functors of Artin rings, we have that 4, = mon of8; and h,, = mon oS .
First we show that the following diagram commutes, for every local Artin algebra A.

FA®a@ma) g F(QX)®aQ@mn)

F (A, g @ mp) — —
Y(AR3@mp) Y(Q(X)@a®ma)
(6.3) O®id T Defggq(A) T Defg ) gia (A)
F (A L F(QX
FA.a@m) FAR@s@Mmp) gy F(QUX)R@3@ma)

(A Q3®mp) G(Q(X') @ g @ ma)

Plainly, it is enough to verify the commutativity of this diagram for an elementary g-
equivalence in ACDGAy. In this case, 87 = Def;(A) and Bz = Def A), by construc-
tion. The claim now follows from Lemma 4.5 and Corollary 4.3.

Next, we show that the diagram

Y ®id (

Z(QX)Q3® M) mon
G(Q(X) ® g ®@ma)
(64) TDefﬁ(f)(@id(A) fﬁ!

Hom(m;(X), exp(g ® ma))

ﬂ(ﬁ(xl) ®g®mA) mon
G(Q(X') ® 3@ mp)

Hom(7r; (X’), exp(g ® ma))

commutes, where the horizontal arrows are as in Theorem 4.8. In fact, commutativity
holds even before taking quotients by the gauge actions, due to the naturality properties
of the monodromy construction, as detailed in [9, §6.3].

It is now straightforward to check that the natural transformation between functors of
Artin rings induced by g?) takes the value ® ® id on A, whereas for ¢ we obtain the value
fﬁ’. The commutativity of the above two diagrams now verifies the claim. O

6.2. A natural comparison between embedded jump loci. We now consider a family
of maps between pointed spaces, {f: X — X/} e, indexed by a finite set E, and we let
{fi: m — ns} be the family of induced homomorphisms on fundamental groups. We also
consider a family of ACDGA maps, {®;: Ay — A} e, indexed by the same set, and we
will assume that A and A are connected CDGAs. Fix an integer g > 1.
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Suppose that Q(f) ~, @, in ACDGAy. We then have a commuting diagram as in (3.4),

Zp: QX) <2 U,

6.5) Qm] @1] [@ Tm,
¥ v 7=

Z,: Q(Xy) A — A, —=Ay.

Let Bz, and ,Bz/f be the associated natural bijections, defined as in display (4.7).

Definition 6.3. We will say that Q(f) ~, ® in ACDGA,, uniformly with respect to f € E
if the bijection Sz, is independent of f.

We are now in a position to state and prove our main naturality result. As usual, G is
a k-linear algebraic group (where k = R or C), and g is its Lie algebra. Furthermore, we
consider a rational representation ¢: G — GL(V) over k, and we let 6: g — gI(V) be the
tangential representation.

Theorem 6.4. Suppose the following conditions hold:

(1) All the above spaces and CDGAs are g-finite.
(2) Both f and @ are (q — 1)-connected maps, for all f € E.
(3) Q(f) ~4 © in ACDGA,, uniformly with respect to f € E.
Then we may find local analytic isomorphisms a: % (A, )y — Hom(n,G)q) and
ar: F(Ar,9)0) = Hom(n;,G)q) for all f € E such that the following diagram com-
mutes, for all f € E,

ﬁ(A, g)(o) 4 HOIH(]T, G)(])
(D_,@idT ]fu’
F (Ay.8)(0) —= Hom(r;,G) 1)

Moreover, for all f € E, i < g, and r > 0, this construction induces a commuting
diagram of (local, reduced) embedded jump loci,

(7 (A, 9), Z1(A, 0))0) —— (Hom(m, G), V(X 1))y

) f®id] Tfﬁ’

(F(Ay.9), Zi(As,0)) (o) — (Hom (7, G), 47 (X7,0)) 1) 5

where both horizontal arrows are isomorphisms of analytic pairs.

Proof. Due to our connectivity assumptions, Corollaries 5.8 and 5.10 apply, thereby show-
ing that both fﬁ’ and @ ®id respect the corresponding (global) jump loci. We will deduce
all other claims from Proposition 2.3.

To begin with, we denote by ¢;: R — R and ¢;: R — I_Qf the morphisms of analytic
algebras corresponding to the local analytic maps fﬁ’: Hom(ns,G)1y — Hom(m,G)()
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and @, ®id: F (A, 8)0) — Z (A, 9) ). respectively. To verify that both ¢, and ¢ are
epimorphisms, we may use a standard, equivalent property, namely, the injectivity of the
associated natural transformation between Hom-functors, see for instance [33, II1.4]. In
turn, this property readily follows from the injectivity on A-points of the corresponding
morphisms between affine coordinate rings, for an arbitrary commutative algebra A.

For representation varieties, the map on A-points is given by fﬂ’: Hom(n;,G(A)) —
Hom(m, G(A)). Clearly, this map is injective, since by assumption, f is O-connected, i.e.,
fi is surjective. Likewise, for varieties of flat connections, the map on A-points is given by
O,®id: F(ArQiQA) — .7 (AQI®A). Again, this map is injective, since by assumption
@ is O-connected, i.e., injective. This shows that the first preliminary hypotheses from
Proposition 2.3 are satisfied.

Fori < gandr > 0,let Il = R and 7, C R be defining radical ideals for the reduced
analytic germs #/'(X,¢)(1) and Z.(A,6)(), as in Lemma 6.1. Similarly, for f € E, let
Ii(f) < Ry and I,(f) < R; be defining radical ideals for ¥ (X, ) 1), and Z'(Ay, ) (0.
We deduce from display (5.5) that I’ # R if and only if Tr # R, which happens precisely
when r < b; - dim(V), where recall b; = b;(X) = b;(A). Similarly, I'(f) is a proper ideal
if and only Tr( f) is a proper ideal.

Note that I, = R is equivalent to #/'(X,¢)(;y = @, and similarly for I.(f). By Corollary
5.8, if ¥/(X,¢)) is empty, then ¥#(X, 1)« is also empty. Consequently, if I is non-
proper, then I'(f) is also non-proper. Likewise, Corollary 5.10 implies the following: if
7; is non-proper, then 7;( f) is also non-proper.

The pairs (i,7) with 0 < i < gand 0 < r < b; - dim(V) form a finite set, which we will
denote by F'. Plainly, we need to verify the second claim of the theorem only for the pairs
(i,r) € F and the maps f € E for which the ideal I'(f) is proper.

By assumption (3), Q(f) =~, ®, in ACDGA,, uniformly with respect to f € E. In
particular, we have a zig-zag Z; of g-equivalences from Q(X) to A and a zig-zag ZJ’, from
Q(X;) to Ay for each f € E, as in diagram (6.5). Let

(6.6) @y 1= mon o,BZ}_: Ry = I_€f

be the isomorphism from (6.2). By our uniformity assumption, the isomorphisms mon of3z,
coincide with a fixed isomorphism, «: R = R.

It follows from Lemma 6.1 that the isomorphism «/ identifies the ideal f;( f) with I (f),
foralli < gandr > 0, and for all f € E. Likewise, the isomorphism « identifies the ideal

IA’r with I%, for all i < g and r > 0. Finally, assumption (4) from Proposition 2.3 follows
from Lemma 6.2.
The desired conclusions follow from Proposition 2.3, applied to the above ideals. O
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6.3. Naturality with respect to a single map. For a one-element family £ = {f}, the
uniform equivalence property from Definition 6.3 reduces to Q(f) ~, @ in ACDGA,. We
thus have the following immediate corollary to Theorem 6.4.

Corollary 6.5. Let f: X — X' be a continuous, (q — 1)-connected map between q-finite,
pointed spaces, for some q = 1. Suppose ®: A’ — A is a (q — 1)-connected CDGA map
between q-finite CDGAs such that Q(f) ~, ® in ACDGA,. We then may find local analytic
isomorphisms a and a’ which fit into the diagram

F (A, g)0) — Hom(m(X),G) )
@@idT Tfu'
F(A',8)(0) — Hom(m (X'),G) ) -

Furthermore, for alli < q, and r = 0, this construction induces a commuting diagram of
(local, reduced) embedded jump loci,

(7 (A, 9), Z,(A.6)) o) — (Hom(m(X), G), 7/ (X.1)) 1)
(D@idT ]fﬁ'
(7 (A',9), Z,(A',6)) (o) —= (Hom(m (X'), G), 7} /(X',0)) 1) »
where both horizontal arrows are isomorphisms of analytic pairs.
Here is a situation where this type of property holds.

Lemma 6.6. Let f: X — X' be a continuous map between pointed spaces, and assume
H*(f) is g-connected, for some q = 1. Let A be a connected CDGA, and suppose A is a
g-model for X. Then Q(f) ~, id4 in ACDGA,.

Proof. Consider the following commuting diagram in ACDGA,,

Qx)
(6.7) o) P y/ayy
oxy *

where p’ and p’ are g-minimal model maps provided by the assumption that Q(X’) ~,
Q(X) ~, A. Clearly, the map p = Q(f) o o’ is a g-equivalence, since both Q(f) and p’
are. Hence, Q(f) ~, id4 in ACDGA,, and the claim follows. O

Corollary 6.7. Fix q > 1. Let f: X — X' be a (q — 1)-connected map between q-finite,
pointed spaces, such that H*(f) is g-connected. Let A be a q-finite CDGA, and suppose A
is a g-model for X. Then the conclusions of Corollary 6.5 hold for A’ = A and ® = id,.

We conclude with one more class of spaces and maps where Corollary 6.5 applies.
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Proposition 6.8. Ler f: X — X' be a (q — 1)-connected map between g-finite, pointed
spaces, for some q = 1. Assume that f is formal over k. Then the conclusions of Corollary
6.5 hold for ® = H*(f): H*(X',k) —» H*(X, k).

Proof. Our connectivity hypothesis implies that H'(f) is injective. The claim follows at
once from Proposition 3.4. O

7. KAHLER MANIFOLDS

In this section we show that pointed holomorphic maps between compact Kédhler mani-
folds can be uniformly modeled by the homomorphisms induced in (real) cohomology. As
an application, we derive a structural result on the germs at the origin of rank 2 embedded
jump loci of Kdhler groups.

7.1. Essentially rank one flat connections. We start with some preliminary lemmas.

Lemma 7.1. A non-abelian Lie subalgebra ¢ < sl,(C) is either equal to s,(C) or is
isomorphic to the standard Borel subalgebra, sol,(C).

Proof. Easy exercise. O

We now recall a few facts from [22]. Let A be a CDGA, let g be a Lie algebra, and let
F(A,g) = A' ® g be the set of g-valued flat connections on A. Let us define .7 !(A, g) to
be the subset of A' ® g consisting of all tensors of the form n® g with dn = 0. We also fix
a finite-dimensional representation 6: g — gl(V), and define II(A, ) to be the subset of
F1(A, g) consisting of all tensors as above which also satisfy det(6(g)) = 0. When A is
1-finite and g is finite-dimensional, both .# (A, g) and I1(A, 6) are closed, homogeneous
subvarieties of .7 (A, g). Moreover, if H'(A) # 0, then II(A, §) = %! (A, 6).

Lemma 7.2. Under the above finiteness assumptions, every CDGA map ®: A’ — A in-
duces algebraic maps, ® ® id: F1(A’,g) — F'(A,g) and ® ®id: T1(A’,0) — TI(A,6).
Moreover; if H'(®) is an isomorphism, then both these algebraic maps are isomorphisms.

Proof. Follows directly from the definitions. m|

Lemma 7.3. Let ®: A’ — A be a CDGA map, where A’ = (A\'U,d = 0) with 0 <
dim U < o and A is 1-finite, and assume H'(®) is an isomorphism. Also let g < sl,(C)
be a Lie subalgebra, and let 6: ¢ — gl(V) be a finite-dimensional representation. Then

the following hold:
(1) ® ® id induces an isomorphism between F (A, g) and F'(A, g).
(2) ® ®id induces an isomorphism between % (A’,0) and I1(A, 0).

Proof. By construction, A’ is the Chevalley—Eilenberg cochain CDGA of the abelian Lie
algebra U. Hence, by [22, Lem. 4.14], we have that .7 (A’,g) = Z'(A’,g). The first
claim follows at once from Lemma 7.2.
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It is easily checked that Z](A’) = {0}. Since .Z(A’,g) = F'(A’,g), we may apply
[22, Cor. 3.8] to conclude that Z] (A’, 8) = II(A’,6). The second claim now follows from
Lemma 7.2. m]

7.2. The uniformity property. Let {f: M — M} sr be a finite family of pointed, holo-
morphic maps between compact Kihler manifolds. Each map f € E induces a homo-
morphism H*(f): H*(M;) — H"(M) between the respective cohomology algebras with
coefficients in k = R or C. In fact, these homomorphisms may be viewed as ACDGA
maps, by setting the differentials to be zero, and taking the augmentations given by the
basepoints.

Proposition 7.4. In the above setup, Q(f) ~ H*(f) in ACDGAo, uniformly with respect to
feE.

Proof. To prove the claim, it is enough to show there is a functorial zig-zag of quasi-
isomorphisms in ACDGA connecting Q(M) to H*(M), for any pointed, compact Kihler
manifold M. In order to construct such a zig-zag, we proceed in two steps, following [7,
§6] and [ 13, §11]. Itis enough to work over k = R.

Let (Qqr(M), d) be the de Rham CDGA of the underlying differentiable manifold, with d
the exterior differential. Set d° = J~'dJ, where J is the complex structure on the tangent
bundle to M. This gives another CDGA, (Qur (M), d¢). By the first proof of the Main The-
orem from [7], there is a zig-zag of quasi-isomorphisms in CDGA connecting (Qq4r (M), d)
to (H*(Qar(M),d"),d = 0), natural with respect to holomorphic maps. Taking homomor-
phisms induced in cohomology, we obtain a natural zig-zag of CDGA quasi-isomorphisms
connecting (Hy(M),d = 0) to (H*(Qqr(M),d),d = 0). In fact, both zig-zags are in
ACDGA, since all their terms are equal to R when M is a point. Combining these two
zig-zags, we obtain a functorial zig-zag of quasi-isomorphisms in ACDGA from Qg (M) to
(Hy(M).d = 0).

On the other hand, the proof of the de Rham theorem from [13] provides a zig-zag
of quasi-isomorphisms in CDGA connecting Qqur (M) to Qg (M), which is natural with re-
spect to differentiable maps. An argument as above shows that this zig-zag is in ACDGA.
Putting things together, and using the classical de Rham theorem, we arrive at the desired
conclusion. ]

7.3. Admissible maps and rank 1 jump loci. A connected, complex manifold M is
said to be a quasi-compact Kiihler manifold if there is compact Kihler manifold M and
a normal crossing divisor D < M such that M = M\D. Of course, all compact Kihler
manifolds belong to this class. Furthermore, if M is an irreducible smooth, complex quasi-
projective variety, or, for short, a quasi-projective manifold, then M is also of this type, by
resolution of singularities.

Given a quasi-compact Kéhler manifold M, there is a certain finite family of pointed
holomorphic maps, {f: M — Mg} esm), With each My a quasi-projective manifold,
which is intimately related to the structure near 1 of the characteristic variety ¥,'(M).
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More precisely, a holomorphic map onto a smooth complex curve, f: M — My, is
said to be admissible if it extends to a holomorphic surjection with connected fibers,
M- Mf, where M (respectively Mf) is a Kéhler compactification of M (respectively
M) obtained by adding a normal crossing divisor. It is known that, up to reparametriza-
tion at the target, there is a finite family & (M) of such maps with the property that
x(My) < 0. For each f € &(M), let us write 7 = (M) and 7y = m;(My). It is readily
seen that the induced homomorphism on fundamental groups, fi: 1 — my, is surjective.
Work of Arapura [2] shows that the correspondence

(7.1) [~ f; Hom(z;,C*)
establishes a bijection between the set & (M) and the set of positive-dimensional, irre-
ducible components of the characteristic variety ¥;' (M) passing through 1.

For a pointed CW-space M with fundamental group 7, we denote by fo: M — K (s, 1)
the classifying map determined up to homotopy by the property that (fy); = abf: 7 —

e, Where abf is the canonical projection of the group 7 onto its maximal torsion-free
abelian quotient. When M is a quasi-compact Kéhler manifold, we set

(7.2) E(M) = £(M) v {fo}.

In the rank one case, i.e., when ¢ = id¢x, both inclusions, (5.14) and (5.15) fori = r =
1, become equalities near the origin 1, for the family {f; | f € E(M)}.

Theorem 7.5. Let M be a quasi-compact Kiihler manifold, and let 1 = nty(M). Then,

(7.3) Hom(n,@x)(l): U fﬁ!Hom(ﬂf,CX)(l),
feE(M)

(7.4) Hma= U KA @D
feE(M)

Proof. The first claim is easily verified. Indeed, the abelianization map, m - m,;,, induces
an isomorphism of character groups, while the map induced by the natural projection
Ty = Typr identifies Hom (e, C*) with the identity component of Hom(mr,,, C*). Tt
follows that (f); = 7 induces an isomorphism between germs at 1 of C* -representation
varieties, and so (7.3) holds.

The second claim is much more subtle. Since y(M;) < 0, it is easily seen that
VN np) = ¥'(My) = Hom(ny,C*), for f € &M). If by(M) = 0, we know from
(5.5) that ¥}' ()(1y = @, and we are done. If b; (M) > 0, then either ¥,'(7)) = {1}, or
all irreducible components of ¥;'(7) passing through 1 are positive-dimensional. In the
first case we are done, since 1 € ( fo)é”//]l (7). In the second case, equality (7.4) follows
from the aforementioned deep results of Arapura. This completes the proof. m|

7.4. Rank 2 embedded jump loci of Kéhler manifolds. Let M be a compact Kihler
manifold with fundamental group 7. A map f: M — M/ is admissible in the sense
from §7.3 if My is a compact Riemann surface and f is a holomorphic surjection with
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connected fibers. The Albanese map, fy: M — Alb(M), is a holomorphic map between
compact Kéhler manifolds which classifies the canonical projection, 1 = .

Our next goal is to extend the rank 1 results (7.3)—(7.4) to the rank 2 case. We start with
a lemma.

Lemma 7.6. Let M be a compact Kiihler manifold with by (M) > 0. Let g be a non-abelian
Lie subalgebra of sl,(C), and let 6: ¢ — gl(V) be a finite-dimensional representation.
Then the following equalities hold:

(7.5) F(H"(M),q) = Z'(H" U f(F(H (M), 9)),
fe&(M

(7.6) ) (H'(M),0) = TI(H" U FI(F (H*(My),9)),
fe&(M

where all CDGAs are endowed with zero dlﬁerentlal.

Proof. This is proved in [22, Cor. 7.2] for a 1-formal, quasi-projective manifold M. By
results from [10], the proof also works for 1-formal, quasi-compact Kéhler manifolds, in
particular, for a compact Kihler manifold M. O

Theorem 7.7. Let M be a compact Kdhler manifold with fundamental group n, and set
EM) = &M) v {fo} as in (7.2). Let G be C-linear algebraic group with non-abelian
Lie algebra g < sI,(C), and let t: G — GL(V) be a rational representation. Then,

(7.7) Hom(r,G)y = | J £ Hom(ns,G)q),
feE(M)

and, fori =r=1ori=0andr > 1,

(7.8) Vimon = | A% @m0

JEE(M)

Proof. We wish to apply Theorem 6.4 with g = 1 to the family of pointed maps {f: M —
M} reg(my and CDGA maps ®y = {H*(f): H(M;) — H*(M)} tcg(m), where all the dif-
ferentials are set equal to 0. For that, we need to verify that the three hypotheses of the
theorem hold.

First, all spaces and CDGASs in question are 1-finite (in fact, co-finite). Second, each map
fi is surjective, hence each f € E(M) is O-connected. Thus, H"(f) is also 0-connected.
Finally, by Proposition 7.4, Q(f) ~ H*(f) in ACDGA,, uniformly with respect to f €
E(M).

In the case when i = 0, equality (7.7) clearly implies equality (7.8), by Corollary 5.8.
Thus, we may assume i = r = 1 in (7.8).

Suppose now that b;(M) = 0. By (5.5), we have that ¥,'(r,1)1y = @. Therefore,
equality (7.8) follows trivially. Moreover, the natural map Q(K(1,1)) — Q(K(x, 1)) is a
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1-equivalence; hence, 7 has the same 1-minimal model as the trivial group. It then follows
from [9, Thm. A] that Hom(n, G)(;y = {1}. Therefore, equality (7.7) holds trivially.

Thus, we may also assume that by (M) > 0. We deduce from formula (7.5) and Lemma
7.3, part (1) that

(7.9) F(H'(M),0) = 47 (H'(Mo),0) v | ] f(F(H(My),9)),
fe€ (M)
where M, denotes the Albanese variety Alb(M) ~ K(ms, 1), and H*(My) = N"H'(M).
By taking germs at the origin and using the naturality properties from Theorem 6.4, for-
mula (7.9) implies that equality (7.7) holds.
Similarly, formula (7.6) and Lemma 7.3 part (2) together imply that

(7.100  Z{(H(M),0) = 7\ (H'(Mo),0) U | ] f(F(H (My),9)).
fe& (M)

For each f € &(M), note that M is a 2-dimensional CW-complex with y (M) < 0. An
easy Euler characteristic argument then shows that ¥,' (ns,¢) = #{'(My,1) = Hom(n, G).
Again by Theorem 6.4, formula (7.10) now implies that equality (7.8) holds. This com-
pletes the proof. O

Remark 7.8. In [20, Cor. B], Loray, Pereira, and Touzet prove the following result, which
refines earlier results of Corlette and Simpson [6]. Let X be a quasi-projective mani-
fold, and let p € Hom(rr;(X), SL,(C)) be a representation which is not virtually abelian.
Then there is an orbifold morphism, f: X — Y, such that the associated representation,
p € Hom(m(X), PSLy(C)), belongs to f; Hom(n™(Y), PSLy(C)), where Y is either a
I-dimensional complex orbifold, or a polydisk Shimura modular orbifold.

For a finitely generated group n and a linear algebraic group G, the abelian part of
the representation variety Hom(xr, G) coincides near 1 with abf : Hom (s, G)(1y. Indeed,
[9, Thm. A] implies that the canonical projection m,, — . induces an isomorphism of
germs at the origin of the respective representation varieties.

This remark shows that formula (7.7) from Theorem 7.7 may be viewed as a compact
Kihler analogue near 1 of [20, Cor. B]. In this context, it provides a simpler classifica-
tion: the representation p is either abelian, or it pulls back via an admissible map from a
compact Riemann surface of genus g > 1.

7.5. The main difficulty in the non-abelian case. The naturality property from [9, Thm.
B(2)] is a consequence of the following fact, which holds in the abelian case. Let X be a
1-finite space and A a 1-finite CDGA. The fact that Q,(X) ~; A in CDGA means that there
is a zig-zag of 1-equivalences in CDGA,

(7.11) QX)L NLa,

where NV = (AU, d) is a 1-minimal CDGA, see Lemma 3.3. If g is an abelian Lie algebra,
it follows from the definitions that .% (B,g) = H'(B) ® g, for any connected CDGA B.



TOPOLOGICAL AND INFINITESIMAL EMBEDDED JUMP LOCI 33

Applying this observation to the map i, we conclude that, in the abelian case, there is a
bijection

(7.12) Y ®id: Z(N,g) —= F(A,qg) .

For a non-abelian Lie algebra g, though, this map is not necessarily surjective. To
illustrate this phenomenon, we first need a lemma.

Lemma 7.9. If g = sh(C) and ¢ ® id is surjective, then F (A, ) = F (A, g).

Proof. The cDGA N = (A\°U,d) comes endowed with the canonical filtration, N' =
U1 N, of a 1-minimal CDGA, where each CDGA N, is of the form (A"U,,d). Since
dim H' (N ) < o0, A, is the cochain algebra of a certain finite-dimensional, nilpotent Lie
algebra. Since g = sk, (C), it follows from [22, Lem. 4.14] that .# (N,,g) = Z1(N,,q),
for each n > 1. Hence, #(N,g) = Z'(N,g). Since ¢ ® id is surjective, we conclude
that 7 (A,g) = Z'(A,q). O

Example 7.10. Let X, be a compact Riemann surface of genus g > 1. Since X, is a formal
space, the CDGA A = (H*(Z,),d = 0) is a finite model for it. Let N be a 1-minimal model
for A, and let : N' — A be the corresponding map. It follows from [22, Lem. 7.3] that
F(A,g) # F'(A,g). By Lemma 7.9, then, the map ¢ ® id is not surjective.

Thus, in the case when G = SL,(C), we have no natural analytic map .#(A,q) —
Hom(m(X), G). This is the reason why we have to construct a local analytic isomorphism
between the germs at the origin of the two varieties, in a manner which is compatible
with both continuous maps and CDGA maps, using the simultaneous Artin approximation
technique from Proposition 2.3.

8. PRINCIPAL BUNDLES

In this section, we apply our theory to principal bundles. When the base manifold is
formal, we obtain a structural result for the germs at the origin of rank 2 embedded jump
loci of the total space.

8.1. Two-element families with the uniform property. In the applications of Theorem
6.4, we also need to take into account the projection of a group 7 onto its maximal torsion-
free abelian quotient, abf: 1 — .

Theorem 8.1. Let f: M — N be a continuous, pointed map. Denote by fo: M —
K(7t1 (M) s, 1) the classifying map for the above projection. Suppose that M and N are
g-finite, for some q > 1, and that Q(f) ~, ® in ACDGA,, where ®: Ay — Ay is a CDGA
map between q-finite objects. Set A; = (N'H'(M),d = 0). There is then a CDGA map
®y: Ay — Ay inducing an isomorphism on H', and such that Q(fy) ~, @y in ACDGA,,
uniformly with respect to the families {f, fo} and {®,®}. Moreover, if f and @ are 0-
connected maps, then all the hypotheses from Theorem 6.4 are satisfied for g = 1.
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Proof. The assumption that Q(f) ~, ® provides a zig-zag Z of g-equivalences in ACDGA
connecting Qy (M) to Ay. Let p: N — Qu (M) be a mr;-adapted 1-minimal model map, as
in [9, §6.4]. This map can be extended to a g-minimal model map p : .# — Q (M). By

Proposition 4.6, there is a special zig-zag S of the form Q. (M) L owla » such that
Bz = Bs.

Now, as explained in [9, §6.4], there is a canonical CDGA inclusion, j: Ay — N,
inducing an isomorphism on H'. It follows that the map ®, = p o j: Ag — Ay has the
same property. Putting things together, we obtain the following commuting diagram in
ACDGA:

M
I
8.1) QM) 2N L4y
Q(ﬁ))T Jv[ {‘Do
Q(ﬂ'abf) & Ao _ AO .

Both upper-diagonal arrows are g-equivalences, and both lower-horizontal arrows are
o-equivalences. It follows that Q( fy) ~, @ in ACDGA,, as claimed. The uniform property
follows from the equality 57 = Bs. It is obvious that the map f; is O-connected. Finally,
since H' (®y) is injective, the map @, is also O-connected. O

8.2. Models for principal bundle projections. Let K be a compact, connected real Lie
group acting freely on a closed, smooth manifold M. Let N = M/K be the orbit space,
and let f: M — N be the projection map of the resulting principal K-bundle. Of course,
both M and N have the homotopy type of a finite CW-complex. We will fix compatible
basepoints for M and N. Note that f is O-connected, by the exact homotopy sequence of

the fibration K — M > N and the connectivity of K.

By a classical result of H. Hopf, the cohomology algebra of K (with coefficients in a
field k of characteristic 0) is of the form H*(K) = /\ P*, where P" is a finite-dimensional,
oddly graded k-vector space. Let [r]: P* — H""!(N) be the transgression in the Serre
spectral sequence of our fibration.

Suppose Ay 1s a CDGA model for N, so that there is a zig-zag of quasi-isomorphisms
connecting Qy(N) to Ay. Such a zig-zag yields an isomorphism of H*(N) with H*(Ay).
Let 7: P* — Z*T'(Ay) be a lift of [7]. As noted in §3.3, the Hirsch extension Ay :=
Ay ®, /\ P is well-defined, up to a CDGA isomorphism extending id,,,.

Proposition 8.2. Let f: M — N be the projection map of a principal K-bundle as above,
and suppose N admits a finite model Ay. Let ®: Ay <— Ay be the canonical CDGA
inclusion. Then Ay is a finite model for M, and both f and ® are 0-connected maps.
Moreover, Q(f) ~ @ in ACDGA,, and thus the conclusions of Corollary 6.5 hold for g = 1.
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Proof. Clearly, since Ay is a finite CDGA, then Aj, is also a finite CDGA. Equally clearly,
the map @ is O-connected. By the classical Hirsch Lemma (see [ 13, pp. 216-218]) there
is a commutative diagram in ACDGA,

N) ®; AP

(8.2) \ J

where h is an oo-equivalence. Since by assumption Q(N ) ~ Ay, there is a minimal CDGA
N, connected by quasi-isomorphisms ¢: N' — Q(N) and : N' — Ay. We then obtain
a commuting diagram in CDGA,

Q(N) ®T/\P<LQ( )®TN/\P<@N®TV/\P_>AN®TA/\P—>AM

T~ L LA

Q(N) N Ay

where the transgression [7,/] is identified with [7y] using H *(¢), while [7,/] is identified
with [74] using H (). Note that all CDGAs in (8.3) are augmented, and all maps respect
augmentations. By [13, Lem. 14.2], the maps ¢ ® id and ¥ ® id are quasi-isomorphisms,
since both  and ¢ are. Splicing together diagrams (8.2) and (8.3) we reach the desired
conclusions. O

8.3. Embedded jump loci of principal bundles. Before stating and proving the main
result of this section, we need two more lemmas. According to the guiding philosophy
of [22], the essentially rank 1 part of the higher-rank resonance varieties of a CDGA is
determined by rank 1 resonance. We begin with a version of this general principle, valid
for families of CDGA morphisms.

Fix an integer ¢ > 1. Let {¢;: Ay — A}cs be a finite family of (¢ — 1)-connected
maps between connected C-CDGAs. Also, let g be a Lie algebra, and let 6: g — gl(V) be a
finite-dimensional representation. For each i < g such that H'(A) # 0, Corollary 3.8 and
Lemma 2.6 from [27] give an inclusion

(8.4) Zi(A,0) 2 T1(A,0) U | (67 ®id) %] (A, 0).
fe&
Lemma 8.3. Assume (8.4) holds as an equality in the rank 1 case. Then

Hi(A,0) 0 F'(A,0) STI(A,0) U | J(¢; ®id)Z](A;,0).
fe&
Proof. Let w = n ® g be a non-zero element in (#:(A,0) N .#'(A,g)) \II(A,6). From

[22, Cor. 3.8], we know that n®g belongs to Z: (A, 0) n.# (A, g) if and only if there is an
eigenvalue A of 6(g) such that An € #|(A). By our assumption on the rank 1 resonance,
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An = ¢4(1), for some ' € Zi(Ay). Since A # 0 we infer that w = (¢, ® id)(n; ® g), for
some 77; € A such that dijy = 0 and A7y € Z{(Ay). Again by [22, Cor. 3.8], we conclude
that n; ® g belongs to Z:(Ar,0) N .F'(Ay, g), and we are done. o

Lemma 8.4. Let A be a 1-finite C-CDGA with d = 0, and let 0: g — gl(V) be a finite-
dimensional representation of a non-abelian Lie subalgebra of sl,(C). Then #(A,q) =
F1(A,0) U Z(A,0).

Proof. Let w € .Z(A,9)\Z'(A,g). It follows from the proof of [22, Prop. 5.3] that w €
U ® g, where U < A' is a linear subspace of dimension at least 2 which is isotropic with
respect to the multiplication map A! A A! — A2, Clearly, Ay := C - 1@ U is a finite sub-
CDGA of A, and y(H *(Ay)) < 0. By [22, Prop. 2.4], we have that % (Ay, o) = %, (Ay, ).
Therefore, w € % (Ay,0) < %, (A, 6), and this completes the proof. O

Theorem 8.5. Let f: M — N be the projection map of a principal K-bundle, where both
M and N are smooth, closed manifolds, and K is a compact, connected real Lie group.
Let G be a complex linear algebraic group, with non-abelian Lie algebra ¢ < sl,(C).
Let :: G — GL(V) be a rational representation. Let f;: n1(M) - m1(N) be the induced
homomorphism on fundamental groups, and let abf: m; (M) - 711(M )¢ be the canonical
projection. Suppose N is formal. Then,

(8.5) Hom(z; (M), G) 1) = abf' Hom(zt;(M ), G) 1y w f; Hom(mr (N), G) 1),
and, fori =r=1ori=0andr > 1,

(86) %i(ﬂl (M),L)(]) = abf! %i(ﬂ'] (M)abf,t)(l) ) fﬁ!%i(ﬂ'l (N),L)(]).

Proof. By Corollary 5.8, equality of germs at 1 in (5.14) implies equality at 1 in (5.15) for
i = 0andr > 1. Thus, in order to verify equality (8.0), it is enough to assume i = r = 1.
As we saw in the proof of Theorem 7.7, both our claims hold trivially when b, (M) = 0.
Consequently, we may also assume that b (M) > 0.

Since the orbit space N is formal, we may take as a model for it the CDGA Ay =
(H*(N),d = 0). As usual, let [r]: P* — H*T'(N) be the transgression in the Serre
spectral sequence of the fibration K — M — N. By Proposition 8.2, the Hirsch extension
Ay = Ay®. /\ P is a finite CDGA model for M, and the canonical inclusion ®: H*(N) —
A,, is a model for the map Q(f): Q(N) — Q(M).

Now set A; = (A°H'(M),d = 0), and let fy: M — K(m(M)ur, 1) be the canonical
map defined by the homomorphism abf. By Theorem 8.1 (with ¢ = 1), there is a CDGA
map ®y: Ay — Ay such that Q(fy) ~; @y and Q(f) ~; ® in ACDGA, uniformly with
respect to the families {f, fy} and {®, ®y}. Since, as was mentioned in Proposition 8.2,
both f and @ are O-connected, Theorem 6.4 applies, giving an analytic isomorphism of
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embedded germs,

(8.7) (Hom(m,(M),G),abf' Hom(z; (M), G) L f; Hom(m(N),G)) 0=

(F (Au,9), (P ®id)F (Ap, 8) U (P ®id).F (AN, 9)) ) -
On the other hand, Proposition 5.3 from [28] guarantees the global equality

(8.8) F (A, 8) = F(Ay,0) U (O ®id).Z (A, q).
We may also apply Lemma 7.3 to the map @, to deduce the global equalities
(8.9) <ng<AM’ 9) = (Oy ®1id).Z (Ao, 9),

(A, 0) = (P ®id)Z, (Ao, 6).

Using equations (8.7)—(8.9) as well as Theorem 6.4, we see that, in order to complete
the proof, it is enough to show the following: if the inclusion

(8.10) Z(Aus8) € F'(Ay. ) U (P ®id).7 (Ay. g)
holds, then the inclusion
(8.11) R\ (Ap,6) S TI(Ay,0) U (P ®id) %, (Ay, 6)

also holds. Pick w € % (A, 0). There are two cases to consider.

First suppose that w € 7! (Ap, 9). Using [28, Prop. 5.5] and induction on the dimension
of P!, we see that Z](Ay) < {0} U ®(Z,(Ay)). Hence, we may apply Lemma 8.3
(for i = g = 1) to the one-element family {®: Ay < Ay} and conclude that w €
(A, 0) U (®®id)Z| (Ay, 0), as required.

Finally, suppose that w ¢ .Z'(Ay, g). Then w = ® ® id(w’), for some ' € F(Ay,9)\
Z1(Ay, ), by assumption (8.10). By Lemma 8.4, we have that o’ € %] (Ay,0). This
verifies that (8.11) holds in this case, too, thereby completing the proof. O

Theorem 8.5 improves on Theorem 1.5(2) from [28], where an extra assumption (in-
jectivity of the transgression in degree 1) was required. Our stronger result here is of
the same flavor as the equality (7.7) from Theorem 7.7, in the context provided by Re-
mark 7.8. Namely, if G is a C-linear algebraic group with Lie algebra g as above, and if
p: m (M) — G is a representation near the origin 1, then p is either abelian or pulls back
via f from a G-representation of 7;(N).

9. QUASI-PROJECTIVE MANIFOLDS

We conclude with another interesting class of examples where the uniform property
holds for one-element families of maps, namely, regular maps between smooth, quasi-
projective varieties. We also derive a non-compact analogue of Theorem 7.7 for a spe-
cial class of quasi-projective manifolds, namely, complements of complex hyperplane
arrangements.
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9.1. Mixed Hodge diagrams. Let M be an irreducible, smooth, complex quasi-projec-
tive variety, or, for short, a quasi-projective manifold. Note that M is a finite space. By
resolution of singularities, we have that M = M\D, where M is a smooth projective
variety, and D — M is a normal crossing divisor. A map between such pairs, f: (M, D) —
(M/, D'), is called a regular morphism if the map f: M — M isa regular map with the
property that f~'(D’) < D. Clearly, the restriction f: M\D — M/\D’ is also a regular
map. Conversely, any regular map between quasi-projective manifolds is induced by a
regular morphism between convenient compactifications with normal crossing divisors.

We want to prove a quasi-projective analogue of Proposition 3.4. For that, we will
need the theory of relative minimal models for mixed Hodge diagrams (MHDs, for short),
developed by Cirici and Guillén in [5]. We start by recalling some pertinent definitions
and results from [5].

The objects of the category FDGA are of the form (A°, W,), where (A°,d) is a CDGA
defined over Q and W, is an increasing, multiplicative, regular, exhaustive filtration on
(A®,d), called a weight filtration. Such an object gives rise to a spectral sequence in the
category of bigraded CDGAs, {E,(A)},>1, which converges to H*(A). A morphism in FDGA
is a CDGA map which respects filtrations. Such a morphism ¢ induces a map of spectral
sequences, {E,(¥)},>1-

The objects of the category MHD are strings of morphisms in FDGA defined over C,

9.1) H: A, —2-4, A <L A,

where (Ag, W) is defined over Q and all the induced maps E;(y;) are isomorphisms. There
are also additional data and axioms, related to the mixed Hodge structure (MHS) on A,
see [5, Def. 3.1]. A morphism of mixed Hodge diagrams, ®: H' — H, is a tuple of FDGA
maps, (@, @y, ..., D), commuting with the maps ¢’ and ¢, and such that @y is defined
over Q. There is also an extra condition on @, pertaining to the MHS, see [5, Def. 3.5].

9.2. The Gysin model of Morgan and Navarro. Returning to our setup, let M be a
quasi-projective manifold, and let M = M U D be a normal-crossing compactification.
Given these data, Navarro constructs in [25] a mixed Hodge diagram H(M, D), functorial
with respect to regular morphisms of pairs (see also Hain [16]). Furthermore, there is
an equivalence Ay(M,D) ~ Qc(M) in CDGA, natural with respect to the pair (M, D).
Moreover, E;(Ao(M, D)) is isomorphic (as a bigraded cDGA) to MG(M, D), the Gysin
model of M = M\D constructed by Morgan in [23, 24] (see also Dupont [ I 1]). Note that
this is a finite C-model, defined over Q, and that MG(M, @) = (H*(M),d = 0).

Suppose f: (M, D) — (M, D') is a regular morphism, such that the restriction f: M —
M’ preserves basepoints. Naturality in the sense of Navarro yields an equivalence

9.2) Qc(f) =~ @o(f)
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in C-ACDGA. Following Cirici and Guillén [5], we define
— f— —_ —_—
(9.3) O(f) = Ei(Do(f)): MG(M,D") - MG(M, D),
over C.

Proposition 9.1. Let f: M — M’ be a pointed, regular map between quasi-projective
manifolds, inducing an injection on H'. Extend f to a regular morphism, f: (M, D) —
(M', D), by adding divisors with normal crossings in a suitable manner. Then Qc(f) ~
®(f) in C-ACDGA,.

Proof. Looking at Q-components of MHDs and ignoring additional MHS data, we extract
from [5, Theorems 3.17 & 3.19] the following commuting square in FDGA:

Ao(M,D)~2— NU'@ AU
(9.4) cpm] J
A, D)2 AU

By [5, Lemma 3.4], the induced maps E,(p) and E;(p’) are known to be isomorphisms.
Hence, the maps p and p’ are quasi-isomorphisms. Furthermore, the CDGA diagram un-
derlying (9.4) has the following properties: o’ is a minimal model map, and p is a relative
minimal model map for ®,(f) o o/, in the sense of §3.3.

Our injectivity assumption on H'(f), together with the equivalence from (9.2), imply
that the map ®,(f) o o is a O-equivalence. Using the discussion from §3.3, we infer that
both A U’ and A\ U’ ® /\ U are connected CDGAs. In particular, all maps from diagram
(9.4) respect augmentations.

It’s time now to take into account the available MHS data. We know from the work of
Cirici and Guillén that the map j is actually a morphism of mixed Hodge CDGAs, in the
sense of [5, Definition 3.14]. According to Deligne’s functorial splitting over C of mixed
Hodge structures, we have the following identifications in CDGA,

9.5) E\(N\U) = NU', E(NU'@AU) = NU'®AU, Ei(j) = j.

This can be verified using the argument of Morgan from [23, Thm. 9.6]. See also [5,
Lemma 3.20], where no extra finite-type assumptions are needed (over C).

Applying the E; functor to diagram (9.4), we obtain the following commuting diagram
in CDGA,

E(AU & AU) 22 B (4) MG(M, D)
9.6) 50) TE @) T@m
Ei(p')

E(AU) Ey(Af) =—— MG(M', D)
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Here both horizontal arrows are quasi-isomorphisms, since E(p) and E(p’) are iso-
morphisms. Since all CDGAs in sight are connected, (9.6) is a commuting diagram in
ACDGA. The desired conclusion follows by putting together the information from displays
(9.2) and (9.4)—(9.6). ]

Remark 9.2. As mentioned previously, it is known that the Navarro model E;(A¢(M, D))
is isomorphic in CDGA to Morgan’s Gysin model MG(M, D). 1Tt is also known that the
latter is functorial with respect to regular morphisms of pairs; see [| 1] for a convenient,

explicit description of the CDGA map MG(f): MG(M/, D) — MG(M, D) induced by
f: (M,D) — (M’,D'). But we do not know whether under this identification on objects

the map MG(f) coincides with the map ®@(f) defined in (9.3). If that were the case, one
could use [9, Ex. 5.3] to infer that the map ®(f) = MG(f) is injective, whenever f: M —
M’ is a regular surjection onto a curve, with connected generic fiber. This observation,
together with Proposition 9.1, would then imply that the conclusions of Corollary 6.5

hold for regular admissible maps defined on quasi-projective manifolds, in the case when
qg=1.

9.3. Hyperplane arrangements. Let .o/ be an arrangement of hyperplanes, that is, a fi-
nite, non-empty collection of complex affine hyperplanes in C’, for some ¢ > 0. The
union of these hyperplanes is an affine hypersurface, V., defined by an equation of the
form Q., = 0, where Q.y = [ [4.., @n and @y = 0 is a linear equation defining the hy-
perplane H. The complement of the arrangement, M, = Cf\VQ{, 1s a connected, smooth,
quasi-projective variety, which has the homotopy type of a finite CW-complex of dimen-
sion at most .

A nice feature of this class of quasi-projective manifolds is that formality over k = R
or C holds in the following strong sense. For each H € <7, the logarithmic 1-form

1
(97) §H = 2—d10g ay € QdR<M@/)
1

is a closed form. Let ey € H'(M,;,k) be the cohomology class corresponding to [€4] €
Hj, (M) under the de Rham isomorphism. It is known that {ey | H € </} forms a basis
for H' (M., k). Thus, the k-linear map &,/ : H'(My,k) — Q) (M,,) sending each ey to
&y yields an isomorphism [£./]: H' (M, k) = H},(M.y).

The celebrated Brieskorn—Orlik—Solomon theorem (see [26]) states that the cohomol-
ogy ring H*(M,,,Z) is the quotient of the exterior algebra A\°H'(M_,,Z) by an ideal gen-
erated in degrees at least 2 and depending only on the intersection lattice of .2#. Moreover,
the extension of &, to a CDGA map, &: (AH' (M, k),d = 0) — Q. (M.,), factors
through a quasi-isomorphism

9.8) £t (H'(MoyK0).d = 0) —= Q (M) .

We now suppose that the arrangement o7 is central, i.e., all hyperplanes H € o pass
through the origin 0 € C’. For the purpose of studying the fundamental group 7 =
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n1(M.,), we may assume that &/ is a central arrangement in C*. This can be achieved
by taking a generic 3-slice (if £ > 3), or taking the product with C3~¢ (if £ < 3); neither
operation changes the fundamental group of the complement.

Recall that M, is a quasi-projective manifold. By the discussion from §7.3, there is
a finite set &'(M,,) of admissible maps f: M, — M/ (up to reparametrization at the
target), such that M is a smooth curve with y (M) < 0. It turns out that the mixed Hodge
structure on M, is pure of weight 2. Consequently, each curve M, must be of the form
CP"\ {k points}, for some k > 3.

Falk and Yuzvinsky gave in [12] a particularly nice, combinatorial description of the
set & (M), well-suited for our purposes here (see also [8, §5] and [27, §6]). The key
combinatorial notion is that of a multinet. Given an integer k > 3, a k-multinet N ona
central arrangement .7 in C? consists of a partition, &/ = .| U - -- U %%, and a multi-
plicity function, m: &/ — N, satisfying several axioms, one of which being that the sum
e, Mu is independent of i € [k].

The multinet axioms imply that the polynomials Q; = [ [, @y belong to a pencil of
curves, that is, for each i > 2 there are constants a; and b; such that Q; = a;0; + b;0,.
Consider the central line arrangement . = {%,...,. %} in C?, with & = {g; = 0},
where g1 = 21, 82 = 2, and g; = a;71 + b;zp fori > 2. Let fy: M., — M & be the regular
map with components (Q;, Q,). Projectivizing, we obtain an admissible map,

9.9) fv: M, — CP"\{k points}.

More generally, there is a complete set of representatives for &(M,,) consisting of
admissible maps fy: M, — CP"\{k points} obtained by restricting to M,, the map
fv: Mz — CP"\{k points}, where A is a k-multinet on a sub-arrangement B < .o7;
see [27, Corollary 6.6].

Now set n = |.¢/|, and identify 7y = Z". Let € be the Boolean arrangement in C",
consisting of all coordinate hyperplanes. Clearly, My = (C*)". Consider the regular
map fo: M, — My with components (@y)ye.s- As noted for instance in [8, Lem. 5.1],
the induced homomorphism, (fy);: 71(M) — m(My), coincides with the canonical
projection, abf: 7 — mu. Welet E(M,,) = & (M) U {fo}, asin (7.2).

By construction, all maps f € E(M,,) are of the form f: M — M;, where M = M,
and My = M, for some (affine) arrangement .

Proposition 9.3. Let o7/ be a central hyperplane arrangement in C*, and fix a basepoint
in M. Fork = R or C, we have that Qy(f) ~ H*(f,k) in k-ACDGA, uniformly with
respect to f € E(M).
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Proof. In view of the Brieskorn—Orlik—Solomon isomorphism (9.8), it is enough to check
the commutativity of the following diagram in CDGA:

(9.10) (H*(M.,),d = 0) b Q2 (M)
H.(f)T TQ;R(f)
Eaty
(H'(M.,),d = 0) — = Q3 (M.,

Since the cohomology ring of an arrangement complement is generated in degree 1,
we may assume that « = 1 in the above diagram. Using the explicit construction of the
map & in degree 1, we can further reduce to showing that Qur (f)(d log @) belongs to the
Z-span of {dlogay | H € </}, for every H' € <7}.

First assume f = f;. Then the claim follows from the formula Qur(fo)(dlogzy) =
dlog ay, for every H € o/, which in turn follows directly from the definition of fj.

Next assume f = fy, for some multinet N ona sub-arrangement B < 7. Clearly,
we may assume that B = /. The claim is now an easy consequence of the formula
Qur(fv)(dloggi) = Xpe., mu dlog ay, which is verified in [27, Lem. 6.3]. o

Theorem 9.4. Let o/ be a central hyperplane arrangement with complement M = M .
Write 1 = (M), and, for each map f: M — My in E(M), set n; = m1(My). Let G be a
C-linear algebraic group with non-abelian Lie algebra g < sl,(C), and let1: G — GL(V)
be a rational representation. Then,

(9.11) Hom(r,G)ay = | J £ Hom(ns,G)q),

feE(M)

and, fori =r=1ori=0andr > 1,

(9.12) Himon = |J A% @00,

JEE(M)

Proof. As noted before, we may assume £ = 3. The argument we give is closely modeled
on the proof of Theorem 7.7. To begin with, note that the conclusions of Lemma 7.6 hold
for the formal, quasi-projective manifold M = M, with the same proof. Next, consider
the map fy: M., — My, and the induced CDGA map H*(fo): H'(My) — H'(M.),
where both differentials are 0. Since My = (C*)", where n = |</|, we may iden-
tify H*(My) with A\"H'(My ). Furthermore, H'(f;) is an isomorphism, by construction.
Hence, Lemma 7.3 may be applied to the map ® = H*(fp).

By Proposition 9.3, we have that Q(f) ~ H*(f) in ACDGA,, uniformly with respect to
f € E(M,/). We may now apply Theorem 6.4 for ¢ = 1 to the family of pointed contin-
uous maps {f: My — M.} ree(m,,) and the family of CDGA maps {H*(f): H*(M.;,) —
H*(M.;)} jee(m,,), Where again all differentials are 0. The rest of the argument goes ex-
actly as in the proof of Theorem 7.7. O
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