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The Chen Groups of the Pure Braid Group

DANIEL C. COHEN AND ALEXANDER I. SUCIU

AsstracT. The Chen groups of a group are the lower central series quo-
tients of its maximal metabelian quotient. We show that the Chen groups
of the pure braid group P, are free abelian, and we compute their ranks.
The computation of these Chen groups reduces to the computation of the
Hilbert series of a certain graded module over a polynomial ring, and the
latter is carried out by means of a Groebner basis algorithm. This result
shows that, for n > 4, the group P, is not a direct product of free groups.

1. Introduction

The Chen groups of a group G are the lower central series quotients of G
modulo its second commutator subgroup G”. These groups were introduced by
Chen in [Ch], so as to provide a computable approximation to the lower central
series quotients of a link group. Although apparently weaker invariants than
the lower central series quotients of G itself, the lower central series quotients
of G/G" sometimes provide more subtle information about the structure of the
group G. In this paper, we illustrate this point by computing the Chen groups
of the pure braid group P,, for every n > 2. Our results show that, unlike the
lower central series quotients of P,, the Chen groups are not determined by the
exponents of the braid arrangement.

THEOREM 1.1. The Chen groups of the pure braid group P, are free abelian.
The rank, 0, of the k'™ Chen group of P, is given by

91:@), 92=<’;>, and ekz(k—n-("j[l) for k> 3.
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REMARK. The ranks of the Chen groups of P, (for k& > 2) are given by the

generating series
= +1 1 n
gpti=2 = (" e — .
kz_; F ( 4 (1—1)2 \4

Throughout the paper, we use the convention (5 ) =0ifp<q.

For any group G, let I'y(G) denote its k' lower central series subgroup, de-
fined inductively by I'1(G) = G and T'y4+1(G) = [Ix(G),G] for k > 1. The
projection of G onto its maximal metabelian quotient G/G" induces an epimor-
phism

DiG)  TW(E/E")
I1(G)  Thia(G/GY)
from the k*" lower central series quotient of G to the k*" Chen group of G. For

1 < k < 3, it is easy to see that this epimorphism is in fact an isomorphism.
In particular, the first three Chen groups of P,, and the first three lower central
series quotients of P, are identical. The lower central series quotients of the
pure braid group were computed by Kohno, using Sullivan’s minimal models
technique.

THEOREM 1.2 ([K]). The lower central series quotients of the pure braid
group P, are free abelian. Their ranks, ¢, are given by the equality

[0 -7 = [T —it) = Y (~1by (P in ()
k=1 i=1 >0

where b;(P,) denotes the j™ betti number of P,.

The relation between the ranks of the lower central series quotients and the
betti numbers described above holds in greater generality (see [KO] for one
generalization). For instance, if G = G(A) is the fundamental group of the
complement of a fiber-type hyperplane arrangement A (see [FR1], [OT]), we
have the following.

THEOREM 1.3 ([FR1], [FR2]). Let A be a fiber-type hyperplane arrangement
with exponents {dy,ds,...,ds}, let G denote the fundamental group of the com-
plement of A, and let ¢y, denote the rank of the k™ lower central series quotient
of G. Then the lower central series quotients of G are free abelian and, in Z[[t]],

we have
¢

o0

[T -t =] -dt) =D (-1)b;(G)¥.

k=1 i=1 3>0

Implicit in the above result are the computation of the betti numbers of the

group G, and the factorization of the Poincaré polynomial of G. In the case
where G = P,, these computations were carried out by Arnol’d [A], who also
determined the structure of the cohomology ring of P,. For a generalization to
the configuration spaces of n points in R™, see Cohen [Co]. The cohomology
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of the complement of an arbitrary arrangement was found by Brieskorn [Br];
and Orlik and Solomon [OS] subsequently provided a combinatorial description
of the cohomology ring. These results suffice for the computation of the coho-
mology of G(A), since the complement of any fiber-type arrangement A is an
Eilenberg-MacLane space. The factorization of the Poincaré polynomial of the
group of a fiber-type arrangement may be deduced from the fact that fiber-type
arrangements are supersolvable, see [T.

Alternatively, one can make explicit use of the structure of the group G to
compute its betti numbers and Poincaré polynomial. The group of any fiber-type
arrangement may be realized as an iterated semi-direct product of free groups
(see e.g. [OT)). In particular, the group of the braid arrangement P,, = {H; ; =
ker(z; — z;)} in C™ may be realized as P, = F,,_1 X --- x F x F', see [Bi], [Ha].
For a detailed discussion of the homology of iterated semi-direct products of free
groups, see [CS1].

Both the direct product II,, = F,,_1 X --- x Fy x F;, and the semi-direct
product P,, may be realized as the fundamental groups of the complements of
(different) fiber-type arrangements with exponents {1,2,...,n — 1}. The above
results show that the betti numbers, and the ranks of the lower central series
quotients of P, are equal to those of II,,. Thus neither homology nor the lower
central series can distinguish between the direct product II,, and the semi-direct
product P,. (For n < 3 this is not surprising, as P, = Fy and P3 & Fy X Fy.)

However, these groups can be distinguished by means of their respective Chen
groups. First, it should be noted that the Chen groups of a group G are invariants
of isomorphism type for G, since the derived series and the lower central series
subgroups of a group are characteristic. The Chen groups of a (single) free group
are known ([Ch], [Mu]), and the Chen groups of a direct product of free groups
can therefore be easily computed, see [CS3].

THEOREM 1.4. Let G = Fy, x --- X Fy, be a direct product of free groups.
Then the Chen groups of G are free abelian. The rank, 0y, of the k™ Chen group
of G is given by

l L
kot d; —2
0 =S di, and by Gk(k1)~2(+k ) fork > 2.
=1

i=1

In particular, the ranks of the Chen groups of Il,, = Fj,_1 X --- X F} are
n k+n—2
_ —(k—1)- > 2.
0, (2), and 0 =(k—1) < P > fork>2

Together, Theorem 1.1 and Theorem 1.4 yield

COROLLARY 1.5. Forn > 4, the groups P, /P! and 11, /11", are not isomor-
phic.
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COROLLARY 1.6. For n > 4, the groups P, and Il, are not isomorphic.

Corollary 1.6 may also be obtained by analyzing the cohomology rings of the
groups P, and II,,. This is not an obvious task, for these graded rings are typi-
cally given in terms of generators and relations; nevertheless, Falk [Fa] managed
to define a new invariant that does distinguish these rings. The corollary may
also be deduced from the Tits conjecture for Ps, proved in [DLS].

The techniques we employ (see below and [CS3]) may be generalized so as to
yield an algorithm for computing the Chen groups of the group of an arbitrary
hyperplane arrangement. We have carried out this algorithm for a number of ar-
rangements. The most striking examples we have encountered are the following.

ExXAMPLE ([CS3]). Consider the 3-arrangements A; and Ay with defining
polynomials

QA1) = zyz(x —y)(z — 2)(z — 22)(z = 32)(y — 2)(x —y — 2)

and

Q(Az2) = zyz(z — y)(z — 2)(x — 22)(z — 32)(y — 2)(z — y — 22).

Both these arrangements are fiber-type, with exponents {1,4,4}. Thus, G; =
G(A;) and Go = G(A2) have isomorphic homology groups and lower central
series quotients. These arrangements were introduced in [Fa], where it is shown
that an invariant even finer than the ranks of the lower central series quotients
cannot distinguish between (the cohomology algebras of) these arrangements.
Since the lower central series quotients of G; and G9 are isomorphic, so are
the first three Chen groups. Explicitly, we have 6,(G1) = 01(G2) =9, 02(G1) =
02(G2) = 12, and 03(G;) = 03(G2) = 40 by Theorem 1.3. However, for k& > 4,
we have
0x(G1) = %(k —1)(k2+3k+24) and  6x(Gs) = %(k: — 1)(k* + 3k + 22).
Therefore G; 2 G2, and the arrangements are topologically distinct.

The ranks of the Chen groups of all the arrangements we have considered
are given by a pleasant combinatorial formula which we now describe. For an
arbitrary central arrangement A with group G = G(A), let L = L(A) denote
the intersection lattice of A, let p : L — Z be the M&bius functions of L, and
let Lo be the set of rank 2 elements in L (see [OT] for standards definitions and
notational conventions concerning hyperplane arrangements). Define 3(A) to be
the number of subarrangements B C A that are lattice isomorphic to Py, the
braid arrangement with group Pj.

CONJECTURE. Let A be a central arrangement. For k > maxxer, {u(X)+1},
the rank of the k" Chen group of G(A) is given by

i) = 3 k- (T s,

XeLsy
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We leave it to the reader to verify that this conjecture holds for all arrangements
considered in this paper.

Implicit in the above conjecture is the assertion that, for &k sufficiently large,
the rank of the k*® Chen group of G(.A) is given by a polynomial in k of degree
maxxer,{#(X) — 1}. For the braid arrangement, this degree is 1, while for the
arrangement with group G = II,,, the degree is n — 2. An arbitrary degree may
be realized by the group of a central 2-arrangement of the appropriate number
of hyperplanes. For a more general context in which this assertion fits (the
determination of the “lower central dimension” of a certain class of metabelian
groups), see Baumslag [Ba].

The structure of this paper is as follows:

In section 2, we show how to reduce the computation of the Chen groups of
an arrangement to a problem in commutative algebra. This follows the approach
taken by Massey in [Ma] for the computation of the Chen groups of a classical
link: For any group G with G/G’ = Z~, the nilpotent completion of G/G"”
corresponds to the I-adic completion of the A-module B = G'/G”, where I is
the augmentation ideal of the group ring A = ZZ~. Thus, the computation of

~

the Chen groups reduces to the computation of gr(B), the associated graded
module over the polynomial ring gr(/A\) > Z[x1,...,ZN]

In section 3, we find a presentation for B = P)/P). This is accomplished
topologically as follows. The A-module B is the first homology group of J\Afn,
the maximal abelian cover of the complement of the braid arrangement. A free
A-presentation of B is obtained by comparing the chain complex of Mn with that

") is the number of

of the universal (abelian) cover of the N-torus, where N = (3

generators of P, (the cardinality of the braid arrangement.)

In section 4, a presentation for gr(ﬁ) is obtained. This is done by finding a
Groebner basis for the module generated by the rows of the presentation matrix
for B. The computation is much easier than one might expect: The theoretical
upper bound for the degrees of the polynomial entries in this Groebner basis is
doubly exponential in N, whereas the actual polynomials we find are at most
cubics.

Finally, in section 5, the ranks of the Chen groups of P,, are computed from the

coefficients of the Hilbert series, > k>0 rank (gr(é)(k)) t*. of the graded module

gr(B).

2. Outline of the Proof

Our approach to the computation of the Chen groups of P, follows that of
Massey, who studied an analogous problem for link groups in [Ma] (see also
[MT].) We start by outlining Massey’s setup in a context which covers both link
groups and hyperplane arrangements groups.

First, consider the free abelian group Z", and fix generators Ay, ..., Ayx. We
then can identify A = ZZ", the group ring of Z~, with Z|[A;, A;l], the ring of
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Laurent polynomials in the variables A;. This ring can be viewed as a subring of
Z[[z;]], the ring of formal power series in the variables 21, ..., zy. The “Magnus
embedding” (see [Ma], and compare [MKS]), Z[AE'] < Z[[z;]], is given by
A; 1 —x; and A7 — 002 zF. Notice that the image of the polynomial
subring Z[A;] under this map is contained in Z[z;], the polynomial ring in the
variables x1,...,TN.

Next, let € : ZZN — Z be the augmentation map, and I = kere be the
augmentation ideal of A. Consider the completion of A relative to the I-adic
topology, A= &nA /I*. Then, the Magnus embedding extends to a ring isomor-
phism A Z[[x4]).

Finally, consider the I-adic filtration on A, and its associated graded ring,
gr(A) = @ I¥/IF1. Also, consider the m-adic filtration on Z[[x;]], where
m = (z1,...,2x), and its associated graded ring, gr(Z[[z;]]) = @D, mF /mhHl =
Z[xz;]. Then, the Magnus embedding induces a graded ring isomorphism gr(A) —
gr(Z{[xi]]).

Now let G be a group with abelianization G/G’ = Z. Then each homology
group of G’ supports the structure of a module over the ring A = ZZ". The
main object of our study is the first homology group of G/,

B=B(G)=G"/a",

viewed as a A-module, called the Alexander invariant of G, see [Ma], [MT],
Hil, [L.
Let B be the I-adic completion of B. Let

gr(B) =@ I"B/I"'B and gr(B) = Pm*B/m" B
k>0 k>0
be the graded modules associated to the I-adic filtration on B and the m-adic
filtration on B, respectively. Then, the canonical map B — B induces an iso-

morphism gr(B) — gr(é) of graded modules over the graded polynomial ring
Z|x;]. Massey [Ma] observed that

B Tyia(G/GY)
"B~ Tyis(G/G7)

Combining these facts, we can restate Massey’s result as follows:

THEOREM 2.1 ([Ma]). The generating series for the ranks of the Chen groups

of G,

Z Orrat®,

k=0
equals the Hilbert series of the graded module associated to the I-adic completion
of B(G),

H(gr(B),t) = > rank(m"B/mF*1 B)t*.
k=0
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An immediate consequence of this theorem is that, for & sufficiently large, the
rank @), of the k" Chen group of G is given by a polynomial in k. Indeed, this
is just the Hilbert-Serre polynomial of gr(B), see [ZS].

Thus, the determination of the Chen groups of G has been reduced to the

determination of the graded module gr(B). In order to achieve this, we first
need a finite presentation,

Aa—Q—>Ab—>B—>O,

for the A-module B. In the case where G is the group of a complexified real hy-
perplane arrangement, we have an algorithm for doing this based on the “Randell
presentation” ([R]) of G, see [CS2]. In the case where G = P,, we find a simpli-
fied presentation for B in section 3. A useful feature of the matrix of €2 is that
all its entries are actual polynomials in the variables A;. This can also be done
in general, by replacing the generators e, of the free module A® by suitable mul-
tiples e, if necessary. Denote by J = Im(2) the submodule of A’ generated
by the rows of the matrix of €.

It is now an easy task to find a presentation for the I-adic completion of B.

Simply take Ar LR LB 0, where Q is obtained from Q via the Magnus
embedding. Clearly, Im(ﬁ) = j, the completion of J. Since all the entries of the
matrix for Q belong to the subring Z[z;] C Z[[z]], we may restrict € to a map
Q : Z[z;]* — Z[z;]®, whose image, Jn Z[z;], we will denote by J.

Next, we must find a presentation for the associated graded module gr(ﬁ) =
er (Z[[a:,]]b/f) This module is known to be isomorphic to Z[z;]?/LT(J), where

LT(j ) is the submodule of Z[z;]® consisting of lowest degree homogeneous forms
of elements in J (the “leading terms” of elements in j), see e.g. [ZS]. From the
definitions, we have LT(.J) = L1(J). Thus, gr(B) = Z[x;]*/L1(J), and we are left
with finding a finite generating set for the module LT(J).

Such a set is provided by Mora’s algorithm ([Mo]) for finding the tangent cone
of an affine variety at the origin, see [CLO], [BW] for detailed explanations.
A script that implements this algorithm using the symbolic algebra package
Macaulay was written by Michael Stillman. We gratefully acknowledge the use
of this script, and thank Tony Iarrobino for guiding us to it. Essentially, we must
find a (minimal) Groebner basis G = {g1,...,g.} for the module J, with respect
to a suitable monomial ordering. Then, LT(J) has Groebner basis LT(G) =
{r1(91),...,LT(gc)}, out of which we can extract a minimal Groebner basis H =
{h1,...,hq}. Putting all these facts together, we obtain the following.

~

THEOREM 2.2. The Z[x;]-module gr(B) has a finite presentation given by
Zlz]* 2> L] — gr(B) — 0,
where the matriz of ® has rows hq,...,hy defined above.

In the case where G = P,, we use Buchberger’s algorithm to find a Groebner
basis G for J in section 4. The determination of the Groebner basis H for LT(J)
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~

and the computation of the Hilbert series for gr(B) is carried out in section 5.
It follows from Theorems 2.1 and 5.6 that the ranks of the Chen groups of P,
are as stated in Theorem 1.1.

To finish the proof of Theorem 1.1 we only have to show that the Chen groups
of P, are free abelian. But this follows from the discussion above and a careful
look at the various changes of bases that we perform. Indeed, we always work
over Z, and never divide by non-zero integers different from +1.

The Chen groups of a link group may have torsion, as the examples in [Ma]
illustrate. We do not know whether the Chen groups of an arrangement group
are always torsion free.

3. The Presentation Matrix

We briefly sketch our algorithm for finding a presentation of the module B =
B(G) in the case where G = P, is the group of pure braids on n strings. For a
detailed discussion of this algorithm in the case where G is the fundamental group
of the complement of an arbitrary complexified real hyperplane arrangement, see
[CS2].

Recall that the pure braid group P,, may be realized as the fundamental group
of the complement M,, of the hyperplane arrangement P,, = {H, ; = ker(z;—z;)}
in C™. It is easy to show that the complement M, may be realized as a linear
slice of the complex N-torus, 7' = (C*)¥, where N = (g‘) is the cardinality
of P, (the number of generators of P,). Let ]\A/fn and T denote the universal
abelian covers of M,, and T respectively. Let A = ZZ" denote the group ring of
ZN = Hy(M,) = H,(T). We wish to identify the A-module B = Hy(M,).

For that, let C' = C4(M,) denote the augmented chain complex of M,,. This
complex is of the form

s 0y 20 2oy Sz,

where Cp = A, C; = AN, and Cy = A? (here p = by(M,,) is the number
of relations in P,). We specify the first several differentials of this complex
using the “Burau presentation” of P, (which may be obtained from the standard
presentation of P, found in [Bi], [MKS], [Ha]). The pure braid group P, has
generators A; ;, 1 <14 < j < n, and relations
Ak Aj iy = Ai jAi kg Aj e = Aj kA jAik 1< j <k,
AriAig = AijArs, AvAje = AjrAin, A AR = ALRA; i <G <k <l
where u? = v~ tuv. The first two differentials of this complex are
=(1—-Ag 1—Aiz 1-Asy ... 1—-A,1,)"

OR
8Ai7j

the Jacobian matrix of Fox derivatives of the relations {R} of P, where R runs

(where (o)T denotes the transpose), and dy = , the abelianization of

through the relations specified above.
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At this point, it is an easy task to find a presentation for the Alerxander
module A = A(P,), which is defined as Hy(M,,p~'(x)), where p : M, — M, is
the covering map, and x* is the basepoint of M, see [Ma], [Hi]. Indeed, A is
the cokernel of 95 : A» — AY. This module, the Alexander invariant, and the
augmentation ideal comprise the Crowell exact sequence 0 - B — A — [ — 0.
We now find a presentation for B by comparing the chain complexes C, (Mn)
and Cy(T).

The chain complex C' = C, (T) is the “standard” A-free resolution of Z. The
terms of this resolution may be described as follows: Cf = A, C} = AY is a free
A-module with basis {e;; | 1 <i<j <n},and for k> 1, 0}, = AF ¢ = A(E).
The differentials are given by

k
di(€ingi Ao Aeig) = 2 (1)L = Aiy g ) ei gy A N Ao Al j,)-
r=1

The natural inclusion M,, — T induces a chain map ¢ : C' — C’ covering the
identity map Z — Z. The map ¢ is not unique, but its chain homotopy class is
unique. Clearly we may identify Cy and C{, so set ¢g = id : A — A. Furthermore,
since Hy(M,,) = Hy(T), we identify C; and C}, and set ¢ = id : AV — AN,

Letting R denote a generic relation in P,, we define ¢ : Cy — C} by

Aj k€ij€ik + €5 kCik if Ris A; pAjpAi; = Aj A jAik,

A kei ek + eijeik if Ris A pAjrAi; = AijAikAjk,
d2(R) =< €€k if Ris Ap A;; = Aij Ak,

€45 k€1 if Ris A“Aj,k = Aj,kAi,la

1 . . Ajk Ak
Ap(Ajy — Dejrein +eipejy i Ris Aj Ajpt = A Agy.
PROPOSITION 3.1. We have ds o ¢pg = Os.

The proof of this result is an exercise in Fox calculus which we omit.

Now define a map ¢ : C4 — C% by

-1
Y(einejr) = eineji+ (1= Aj0) (A pejkein — €ijeik + Aikeijejr),
U(ejrein) = €jh€ik — Ajreijeik + AikAj ke ek,
Y(eijeik) = €ijeik — Aikeijesk,
fori < j <k <, and 9(ep qers) = €pqer s otherwise.

PROPOSITION 3.2. The map v is an isomorphism, and we have
ejkeik if R denotes Ai,kAj,kAz‘,j = Aj,kAi,in,k;
€;,j€ik if R denotes Ai’kAj’kAi’j = Ai,in,kAj,k7

w o ¢2(R) = €i,5€k,l ’Lf R denotes Ak’,lAi,j = Ai,jAk,l;
€4,k€i1 ZfR denotes Ai,lAj,lc = Aj7kAi,l7

. A A;
eikeji if R denotes Aj A; " = Aj M Aj
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Proor. With respect to the ordering

e12623 < e12€13 <€g3zeys < ---
e <ergein < €231 n < €136 < - < €261 n

of the basis elements of C, the matrix of v is lower triangular, with ones on the
diagonal, hence is an isomorphism. The second assertion of the proposition is a
routine computation. [J

COROLLARY 3.3. The map ¢y : Co — C} is injective.

Restricting our attention to the truncated complex Cy — C; — Cy (which
we continue to denote by C'), we observe that the chain map ¢ : C — C’ is
injective. Letting @ denote the quotient, we have an exact sequence of complexes
C — C" — @, with C’ acyclic. Note that since C; = Cf for i = 0 and ¢ = 1,
we have Qp = 0 and @Q; = 0. Passing to homology, we obtain H;(C) = H;+1(Q)
since H;(C') = 0. In particular, we have B = H{(C) = H3(Q). We obtain
our presentation of B by modifying the standard A-free resolution of Z (i.e. the
complex C') as indicated in the commutative diagram

) di

0 Ch Co E

| -k

BN/ QL SN o/ QL BN/ (.. SN L SN o/QL N/
.
do Q4 ds Qs —2— Qo 0

where ¢ denotes the augmentation map, dy = dyoty™ !, dg = tods, 7 : Ch— Qs =

C%/Tm(1) o ¢3) denotes the natural projection, and A = 7o ds. Since Im(v) o ¢)

is a direct summand of C, the quotient Q2 = span{e; jejr |1 <i<j <k <n}

is a free A-module, and A : Q3 — @2 provides a presentation for B = Hy(Q).
Carrying out the various steps indicated above, we obtain

THEOREM 3.4. The Alexander invariant B = B(P,) of the pure braid group
P, has a presentation A° 20 5 B - 0, with b = (g) — by(P) = (g)
generators, and a = (J;) relations. This presentation is given by A = mo ods,

where

ds(erseijent) = (1 — Apg)ersei; — (1 — A j)ersepi + (1 — A gei jen

and
(Ars — DA, je; se5; ifr<i<s<jy,
—A, jerses fr=i<s<jy,
moP(erseiy) = AisArseirers ifi<r<s=j,
€r,s€s.j ifr<s=1i<jy,

0 fr<s<i<jori<r<s<j.
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A long sequence of elementary row operations (which we suppress) has the
effect of replacing the map A by the map Q =
automorphism of A®. This yields the following simplified presentation for B.

A o =, where Z is a A-linear

THEOREM 3.5. The Alexander invariant B of the pure braid group P, has a

presentation AG) 2L AG) o B 0, where N =

Q(ers€ijert) =

(

(g) and

(1= ArsApjAs j)erses,j
(1= A 1A 1As er ses
(1- Alw)ek rérs + (1 — Ak j)erses,j
(1- 7‘ l)ez rérs + (1
(1= Ajerses;+ (1= Ars)es,jej

Ag1(Arg — Derses j + (1 — Ag j)er jej

Ak,j(Ak,j —Deppek,s + (1 — Ak j)erses,;
As,l(Aj,l — 1)6T,5657j + (1 — Ar,s)er,jej,l

Ar,lAs,l(l - Ai,l)ei,rer,s + (1 -A
As 1A 1(1— Ag perses,j + (1
As jAi (1= Ajj)ersesi + (1

€r,s€s,j

- Ai,s)er,ses,l

r,s)ei,'rer‘,l
- Ar,j)er,ses,l

— Aij)erses,j

fr=k<s=i<j=l,
fr=k<s=1i<j<I,
fk<r=i<s<j=l,
fi<r<s=j=k<I,
fr<s=i<j=k<l,
fr<s=i=k<j<lI,
fr<k<s=i<j=l,
fr=i=k<s<j<l,
fi<r=k<s=7j<I,
fr=i<s=k<j<l,
fr<s=k<i<j=l,
fr<s=i<j<k<l,
fr<s=i<k<j<l,
ifr=i<k<s<j<l
fe<r<s=i<j<l,
ifr<s<i<j=k<l,
ifr<i=k<s<j<l,
fi<r<s<ji=k<l,
fr<s=k<i<j<l,
ifr=k<i<s<j<li
fr<k<i<s<j=l,

0 otherwise.

When written in a suitably ordered basis, the matrix of {2 takes a particularly
nice “block lower-triangular form.” For example, the presentation matrix for
B(P4) is:

( 1—A12A1,3A23 0 0 0 \
1—- Ay, 1A2 4A3 4 0 0 0
0 1-— A2’3A274A3’4 0 0
1- A374 1-— A172 0 0
1— Aoy 1-Ars 0 0
1—Apg 1—Ayy 0 0
o 0 0 1- A1’3A1,4A3’4 0
Ag4(Azs — 1) 0 1— A1z 0
Az 4(A2 4 — 1) 0 1— Ao 0
Az 4(A1a — 1) 0 1—Asg 0
0 0 0 1-— A172A1’4A2’4

A2 4A34(1 — Az 4) 0 0 1— A3

A2 4A3,4(1 — A2,4) 0 0 1— A3

A274A3,4(1 — A1,4) 0 0 1— A2’3

Let J = Im(Q?) denote the submodule of relations of 2. In other words, J is
the submodule of A(3) generated by the rows of the presentation matrix of 2.
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COROLLARY 3.6. The module J is generated by

G Vr,s,k = (1 - AT,sAr,kAs,k)er,ses,k7
1= )
o = (1= A Asgrgensessc fork<g<n

(1= A glersesr + (1 — Aps)es ker.q,
(1—Asg)erses i+ (1 — Arr)es kek g
(1- Ar,q)enses,k +(1— Ar,q)es,kek,m
—Asq(1—Apglerses i+ (1 — A s)er ker g
Gy = —As (1= Ag g)ersesr + (1 — Ag g)errerq, ,

—As (1= A g)ersesk + (1 — As i )er ke g,
As gArkq(1 — Ap g)erses i + (1 — Ag g)er s€s g,
As,qAk,q(1 = As g)erses i + (1 — Apk)ersesq,

As qArq(1 —Ap g)erses i+ (1 — Asp)ersesq fork<g<n

GS = {’Yf;g’k = (1 - Ap,q)er,ses,k fOT’ b, q ¢ {T’, 5} and k < p<q S n} )
fori<r<s<k<n.

The elements Yy, 1, Y, or Vo2, belong to the submodule J,’fs = JNA-e, ses k,
but they do not generate this module. Consider the following sets:

G, = 772“’]3:(]1@ = (1 - Ai,q)(fAt,u + Aj,q)er,ses,k
4 fori e {r sk}, {j,t,ut ={r;s,k}and k <qg<n |’

Gs — IR = (1= A p) (1 — Ajg)er.sesk
° fori,je{r,s,k}andk<p<qg<n/’
: ; g,k 1 635p;
where 1 <7 < s <k <n. It is readily seen that the elements v}, 7.7 also
belong to the submodule Jks. The reason for introducing these sets will become

apparent in the next section, where we shall make use of the following fact.

PROPOSITION 3.7. Letd be a 2x2 minor of  that involves the column e, ses i
and one of the columns es ek q, €r k€k,q, OT €y s€sq. Then d- e, ses i belongs to
the submodule J* ., and can be expressed as a A-combination of elements from

.87

Gr,=(G1UG3UGLUGs) NA ey seqp.
PRrOOF. This is a straightforward computation. For example,
(1= Akg)(1 = Ac kA gArg)ersesn = (1= Arg) L 4 + AcgArg - 10%,
and
(1= Arp) (1= Agg) = (1= A ) (1= Agg))erses = Tred — 7ol

The other 2 x 2 minors are handled similarly. O
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4. The Groebner Basis

Let B be the I-adic completion of B, viewed as a module over A = VAIEZRIIR
1 <14 < j < n. This module has a presentation AG) &£ 36) LB 0, where Q
is obtained from 2 via the Magnus embedding. Let J= Im(ﬁ) be the submodule
of A(%) generated by the rows of the matrix of Q. As noted before, the entries of
this matrix belong to the polynomial subring R = Z[x; ;], and so we may restrict
Q to a map Q : RG) — RG). Let J = Im(2) = J N R(G). We can view the
elements of J as linear forms in the variables e, sesr, 1 <7 < s < k < n, with
coefficients in R. The purpose of this section is to identify a (minimal) Groebner
basis G = {¢1,...,9.} for the module J, with respect to a suitable monomial
ordering on Rle, sesx|. This means that (IN(J)), the module generated by the
initial terms of elements in J, has generating set {IN(g1),...,IN(g.)}, see e.g.
[CLO], [BW].

It follows from Corollary 3.6 that the R-module J is generated by G; UGs UGs,
where G; is the image of G; in Z[z; ;| under the assignment A, ; — 1 — x; ;.
It will turn out that the required Groebner basis is the larger generating set,
G=0G1UG3UGyUGs UGy, where

gl _ { 9r.s,k = (]- - (1 - xr,s)(]- - xr,k)(l - xs,k))er,ses,k, }
G or =0 = (1 =2)(1 = 254)(1 = ap9))ersespy fork<g<n/f’

{grs N xp’qer,ses,k fOI‘ b, q ¢ {T7S} and k < p < q S ’I’L},

Gy = grvjs?c xi#l(‘rt,u - xj,q)er,ses,k
4 for i € {r,s,k}, {j,t,u} = {r,s,k}and k <g<n

:{g:,’fs:%q = pjq€rs€sr forije{r,s,k}andk<p<g<n},

Lk,q€r,s€s,k + Ty s€s,kCk,q5
Ts,qCr,s€s,k + Tr k€s kCk,q»
Ty gCr s€s,k T Lr q€s kCk,q
—Tk,q 1- Ty q)er s€s,k + Tr s€r k€k.q,
g2 = —Ts,q 1- Ts,q)€r,s€s.k + Ts,q€r,k€k,q> 5

—Tr 1- Ts,q)€r,s€s,k + Ts k€r kCk,q>

Thq(1 = Ts5q

)
Tsq(l— 2s,q)
)

Trq(l — 54

1- Tk,q)€r,s€s,k + Ly k€r s€s,q,

A~~~ o~ o~ —~

)
)
L — ok g)er sk + Th,gCrs€s.q5
)
Jer

1 -2k q)ers€sk + Tspers€sq fork<g<n

forl1<r<s<k<n.
We first have to define a monomial ordering on our polynomial ring. Start by
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ordering the variables in R = Z[z; ;] as follows:

T1,2 > T3 > X1,3 > T34 > T24 > T14 > 00" > Tp—1n > " > Tin,

s

and extend this ordering to the graded reverse lexicographic (“grevlex”) order on
the set of monomials in R. Recall briefly how this is done (see [CLO] for details).
Let 2* denote an arbitrary monomial in the variables z; ;, and let deg(z®) be
its multidegree. We say that > 2% if deg(a) > deg(f3), or deg(a) = deg(3)
and, in « — 0, the right-most entry is negative. For a polynomial f € R, we will
denote by IN(f) its highest term c,2®, and by deg(f) its multidegree a.

Finally, extend the grevlex ordering on R to one on Re, ses | by requiring
that x; ; < e, s€s,1, and

e12623 < eg3e34 < €13€634 <e€12624 < <e€p_2np-1n-1n < < €1262n.

THEOREM 4.1. The elements of G constitute a minimal Groebner basis for
the module J with respect to the above monomial ordering.

Proor. To prove that G = {g1, ..., g.} is a Groebner basis for J, it is enough
to check that all the S-polynomials S(g;,g;) either vanish or reduce to zero
modulo G, see [CLOJ. Recall that the syzygy polynomial of f and g is

_ LOM(N(f),1N(g)) . LCM(N(f),1N(g))

=g () |

and that f reduces to zero modulo G if there is f can be written as f = a191 +
asgs + -+ + acge, with deg(a;g;) < deg f. There is an even stronger criterion
(see [BW]): The set G = {g1,...,9.} is a Groebner basis if, for all 4, j, either
S(9i,9;) =0, or S(gi,9;) = a1g1 + - - +acge and IN(a;9;) < LCM(1N(g;), IN(g;)).

If g; and g; are monomials, then clearly S(g;,g;) = 0. Thus, all the S-
polynomials from G3 U G5 vanish.

If the initial terms of g; and g; have no variables in common, then S(g;, g;)
reduces to 0 mod G (“Buchberger’s First Criterion”). Thus, all the following
S-polynomials vanish modulo G: those from G;, those involving elements from

Gs, those of the form S(g, s k, gf.:i’,ﬁ’q), and those of the form S(gii%, gilsqk) with

l#£i,0+#j.
Next, we find standard representations for the S-polynomials from G; U G3 U

G4 U G5 not covered by the arguments above.
ks )T )T
S(gr,s,kag:,&]g) = —Ts,k* gg)s,k + (xhs - xkﬂ) ’ 9:,:,2 + (1 - zk,q) 'gi,;,z

r,8,q k,r.q
+ (71 + Lr,s + Ls,k — zs,k,xk,q) : gns,k: + T,8,k

k
(L T+ T00) - 7R

q rk,qy q s,k,q k.k,q

S(gr,s,k’ gr,s,k) = Tk,q " 9r sk + (1 - $k7q) “Ir s,k + Ir,s,k
r.k,q

+ (1= 259 — Thyq) “Ors ko

k,rp, k,rp, k,s,p, k,k,p,
S(gg,s,k’gr,;lf q) = (1 — Ts,q — xk,q) : gr,:,lf + (]' - mk,q) : gr,;,]f ‘+ gr,s,lf q7
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kg _skqy _ s,k,q k,s,q
S(gr,s,k7gr,s,k) = Trg- (gr,s,k - gr,s,k)’

rk.q kg _ k,k,p,q
S(gr,s,k’gr,s,k ) = ~Zrq- gr,s,k .

It is readily verified that all these polynomials reduce to 0 modulo G. The
remaining S-polynomials are obtained from the ones above by permuting indices.

We are left with computing the S-polynomials involving at least one element
from Go. For simplicity, let us write a typical element in Gs as ge; 4+ xey, where
€1 = €rs€sk, €2 = € ybuyq, With {t,u} C {r,s,k}, and z = z;; is a (linear)
monomial with indices {i,5} C {r, s, k,q}, but {i,j} ¢ {t,u,q}. Since e; < ea,
we have

S(ge1 + xea, g'er +a'es) = (2'g — xg ey,

and this clearly reduces to 0 mod G by Proposition 3.7.

Now let fes be an arbitrary element from G N R - e;y€y,4. Notice that the
polynomial f does not involve the variable x. Hence:

S(ge1 + weq, fea) = IN(f) - (ge1 + wea) — - fea
= fger — (f —1IN(f)) - (ge1 + ze2),

where fge; can be written as an R-combination of elements in G by Proposi-
tion 3.7. We claim that S(ge; + xeq, fea) satisfies the criterion mentioned above.
There are two possibilities to consider: If IN(ge; + wez) = gey, then we are
done, since ge; and fes involve separate variables, as can be easily checked. If
IN(ge1 + zez) = xea, then LCM(IN(gey + xez), IN(fez)) = IN(f)zes, IN(fger) =
IN(f)IN(g)er < IN(f)xea, and IN(f — IN(f)) - (ge1 + zea) = IN(f — IN(f))zes <
IN(f)xes. This proves the claim.

The Groebner basis G is minimal in the sense that each of its elements has
leading coefficient 1, and, for all g; € G, IN(g;) ¢ (IN(G — {g:})). O

5. The Hilbert Series

We now pass from the completion A = Z|[z; ;]] to the associated graded ring

~ ~

gr(A) = Z[z; ;], and compute the Hilbert series of the graded module gr(B)
associated to B. We first find a minimal Groebner basis H for J := r1(J), the
module over R = Z[z; ;] of leading forms of J.

Let H = H1 UHs UH4 U Hs UHs, where
Hy = { hr,s,k: = LT(gr,s,k) = (xr,s + Tr.k + ms,k)er,ses,k7 }
1 — )
hg,s,k = LT(gg,s,k) = (Tr,q + Ts,g + Tig)erses fork<g<n

Hay ={h)d, =1r(g)d,) = xpgersesy fork<p<g<n},

r.s,k T

H, = hi’ﬁs’,qk = LT(gi?s(fc) = g(Ttk — Tjg)er,s€s,k
fori,j € {r,s}, {4,t} ={r,s},and k<g<n |’
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L350, (VB 2 AN
H5 — hr,s,k: - LT(gr,s,k ) = Ti,pxj,qCr,sCsk
fori,je{r,sfandk<p<qg<n |’

xs,kep,rer,s + xp,rer,ses,ka _xs,ker,pep,s + xr,per,ses,ka
Ty k€p,rCr,s + Tp,s€r,s€s,ky —TpkCErp€p,s + Tp,s€r,s€s,k
H2 = Tp k€p,rCr,s + Tp k€r,s€sky —LrkCrpCps + Tp,k€r,s€s, k> )
Tp,k€rs€sp T Tp k€r.s€sk, Tsk€rs€spt Trplrs€sk,
T k€r s€s.p + Tsprs€sk for 1 <p<k, pé¢{rs}
for 1 <r < s <k <n. Note that H; = L1(G1), H3 = LT(G3), Ha C LT(G4), and

Hs C LT(Gs). Also observe that He = LT(G2) consists of the leading terms of Go,
but with slightly different indexing.

PROPOSITION 5.1. The elements of H constitute a minimal Groebner basis
for the module J = L1(J).

PRrROOF. By Theorem 4.1 and the remarks in section 2, the elements of the
set LT(G) form a Groebner basis for J. However, this basis is not minimal.
Compute:

LT(g)ef) = Trq - Pk — Trg - B — BT — BT
UT(g2d) = Tag - hrs ke — Tag - B, = BETE = B2SE,
LT(gr o) = (rk — Tayg) - hl, o — hUd — 2t
LT(ghT8) = (o — Trg) - hE = hEDL — R,
LE(ge ) = apg - hrs + B 0L+ BESE 4 RIS 4 BT
+ (ajr,q + Ts,q — Trk — Ls,k — :Ek:,q) ' hg757k7
Lr(ghoP ) = mo g BE o — BT — 2R
LT(gr T8y = ap g B — hETRT — p2TRA
LT(goet ) = wop - hi, p — BT — pob,
LT(grold) = mpp - hE = R — BSR,
LT(gr il ) = app - b, + BITRG 4 BOTRG 4 pITR 4 2
— (T + Tsq) - hf,s’k.

Since the elements of H have pairwise distinct initial terms, and each has leading
coefficient 1, they form a minimal Groebner basis. O

In order to facilitate the Hilbert series computation, we now define a filtration
of the module J = r1(J). For each k, 3 < k < n, let ¥ = J N R{e,ses,; |
1<r<s<j<k},andlet Q¥ = 7%/ 7% 1. Note that 7* N R[k — 1] = J* 1,
where R[{] = R{e,ses; | 1 < r < s < j < {}. A routine diagram chase
yields an inclusion Q* — R[k]/R[k — 1], so we view QF as a submodule of
Riersesi |1 <r<s<k}
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For cach fixed {r,s} with r < s <k, let QF , = Q¥ N R- e, se5 . We view the
module QF  as an ideal in R in the obvious manner. We then have

T8

PROPOSITION 5.2.

(i) Q*= P Q..
1<r<s<k

(ii) The Hilbert series, H(gr(ﬁ),t), of the graded module gr(ﬁ) is given by
H(ge(B),t) =Y H(Q"1).
k=3

Furthermore, the Hilbert series of the module Q* is given by

HQ%t)= Y H(Q.t),

1<r<s<k
the sum of the Hilbert series of the ideals fo’g,

Thus the problem is reduced to computing the Hilbert series of the ideals

k . First we find minimal Groebner bases for these ideals. Suppressing the

r,s"
index e, ses 1, let

h7‘78,k =Xprs + Tpg + Ts ks
hg,s,k =Ty g+ Tsq+ T fork<g<n,
HE = RIS = (v — ) forie{r,st {4t} ={rsh k<qg<n,

.8 r,s,k

RoTPd — gy xi,  fori,j e {rs}and k<p<q<n,

r,s,k

hp)qk:xp’q forp¢{r737k}7p<Q7 andkﬁqﬁn

T8

k

7,8

PROPOSITION 5.3. The elements of HY . constitute a minimal Groebner basis

for the ideal Q’ﬁ’s.

Proor. This follows from Proposition 5.1 and the definition of the ideal
k O

r,s"

PrROPOSITION 5.4. For 1 < r < s < kand 1 < u < v < k, we have
H(QF  t) = H(QF ,,1).

7,87 u,v?

PrOOF. The automorphism of the polynomial ring R = Z[z; ;], 1 <i < j <
n, defined by interchanging the pairs of indeterminates {@, s, Ty v}, {Tr1, Tui},
and {xs;, 2y} for each [, k <1 <n, maps Qf?)s isomorphically onto Qﬁ’v. a

PROPOSITION 5.5. For 1 <r < s < k, the Hilbert series of the ideal Q’ﬁ’s 18
given by
1+2(n— k)t — (n— k)t
H(Q} 1) =
( ) e

7,87

PRrROOF. By the above result, it suffices to consider ’fyz. This ideal is gener-
ated by the elements of the set Hf ,.
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Define a linear coordinate change by

Tip ik + a2 if (4,5) = (1,2),
Yij = T1,q + T2,q + Tk q if (Za.]) = (ka Q)a k< q < n,
T4 j otherwise.
In Z[y; ;], 1 < i < j < n, the indeterminates y, 4, for (p,q) # (1,1),(2,1) and

k <1 < n, are generators of the ideal Q’fz. Thus, we may restrict our attention
to the ring Zy1 &, Y2,k, - - - » Y1,n, Y2,n), and consider the ideal ,u’i2 generated by

yl,pyl,qa yl,pyZ,qa y2,pyl,qa y2,py2,q for k < p < q S n,
(Y16 = Y2,0)¥1,0: W1,k — Y2,0)Y2,4 for k <q<mn,
(Y26 — Y1,9)Y1,9: (Y26 —Y1,¢)Y2,4 fork<g<n.

Define another linear coordinate change by

n n
21k = YLk — E Yo,ps 22k = Y2,k — E Y1,p, and z; =y;; otherwise.

p=k+1 p=k+1
Then in Z[z1 k, 22,k - - - » 21,ns 22,n), the ideal le,z is generated by
Z1,p%1,q> #1,p?2,q> 22,p%l,q5 #2,p%2,q for k<p<qg<n,

n n
Zl,q(zl,k + Z ZZ,P)? Zl,q(ZQ,k + Z Zl,p) for k < q S n,

p=k+1 p=k+1
p#q P#q
n n
z9.q(z1,5 + g Zo.p), #2,q(22k + E z1p) fork<gqg<n.
p=k+1 p=Fk+1
p#q p#q

Since 21,g21,p, 21,q%2,p; 22,0%1,p» Z2,q%2,p are generators of puf , for k < p < g <n,
we observe that the ideal //f’z is in fact generated by

Z1,pP1,q, P1,p22,q5 Z2,p%1,qs 22,p72,¢ fOr k< p<g<n.

We now find the Hilbert series of u’f,Q. By the above remarks, we have
H(p}o,t) = H(QF 5,t). As pf 5 is a monomial ideal, the m™ term of the Hilbert
series of u’f’Q is given by number of monomials in Z[z1 i, 22.k, - - - , 21,0y 22,n] Of tO-

m—«

tal degree m not in u’f’Q. Evidently, these monomials are of the form 27 25" ",
k<qg<n,0<a<m. Hence we have
_1+2(n— k)t — (n—k)t?

H(u]iQ,t):1+mz>l(m+l)(nfk+1)tm— T .0

Combining the above results, we obtain
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THEOREM 5.6. The Hilbert series of the graded module gr(B) is given by

~ — (k=1\ 142(n—k)t —(n—k)t*
@0 =3 (") L

(1) w0 A

Note added in proof. We have recently found a counterexample to the conjecture stated in

the Introduction, see [CS3].
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