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ALEXANDER INVARIANTS OF COMPLEX HYPERPLANE
ARRANGEMENTS

DANIEL C. COHEN AND ALEXANDER I. SUCIU

ABSTRACT. Let A be an arrangement of n complex hyperplanes. The funda-
mental group of the complement of A is determined by a braid monodromy
homomorphism, « : Fs — P,. Using the Gassner representation of the pure
braid group, we find an explicit presentation for the Alexander invariant of A.
From this presentation, we obtain combinatorial lower bounds for the ranks
of the Chen groups of A. We also provide a combinatorial criterion for when
these lower bounds are attained.

INTRODUCTION

Let A= {Hy,..., H,} be an arrangement of hyperplanes in C¢, with complement
M = C*\ U™, H;, and group G = m1(M). Let M’ be the maximal abelian cover,
corresponding to the abelianization ab : G — Z"™. The action of Z™ on M’ puts
on H,(M') the structure of a module over the group ring ZZ™. This ring can
be identified with the ring of Laurent polynomials A = Z[ti!,... ], with t;
corresponding to a standardly oriented meridional loop around H;. The object of
our study is the Alexander invariant, B(A) = H1(M'), viewed as a module over
the ring A.

Let L(A) denote the intersection lattice of A, with rank function given by codi-
mension (see Orlik and Terao [27] as a general reference for arrangements). Let s
denote the cardinality of La(A), the set of rank two elements in L(.A). From the
defining polynomial of A, one can compute the Moishezon-Libgober braid mon-
odromy homomorphism, « : Fs — P, see [7]. This homomorphism determines a
finite presentation for the group of the arrangement: G = (t1,...,t, | ar(t;) = t;),
where a7, ..., as generate the image of . The braid monodromy may also be used
to obtain a finite presentation for the Alexander invariant B(A). We accomplish
this here, by means of the Gassner representation, © : P, — GL(n,A), the Fox
calculus, and homological algebra.

Surprisingly, the size of the presentation depends only on the first two betti
numbers of the complement: there are (3) generators and () + ba(M) relations.

2
When A is the complexification of a real arrangement, the presentation of B(.A) can
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be simplified to (g) —bo(M) generators and (g) relations. More generally, if G is the
group of a collection of s basis-conjugating automorphisms of a finitely generated
free group F),, our methods yield a presentation of B(G) with ( ) generators and
(g) + ns relations. In particular, the Alexander invariant of any pure link has such
a presentation (with s = 1). This should be compared with the general situation
for links in S®, where there is no upper bound on the number of relations, see
Traldi [31].

Note that the Alexander invariant is isomorphic to G’/G” (with the usual G/G’
action), and so depends only on the isomorphism type of G. Consequently, we
may obtain invariants of an arrangement A from the module B = B(A) and its
presentation. For instance, if A is a presentation matrix for B, the elementary ideal
Ey(B) is defined to be the ideal generated by the codimension k& minors of A. It is
well-known that these ideals depend only on the module B. These ideals, and the
closely related characteristic varieties, arise in the study of plane algebraic curves;
see for instance the recent works of Hironaka [20] and Libgober [22]. The structure
of the elementary ideals and characteristic varieties of the Alexander invariant of
an arrangement will be the subject of a future work.

In this paper, we focus on Chen groups. The Chen groups of G are the lower
central series quotients of the maximal metabelian quotient G/G"”. Using an ob-
servation of Massey [23] relating the Chen groups and the Alexander invariant,
together with Mora’s tangent cone algorithm, we obtain an algorithm for comput-
ing the Chen groups of an arrangement from the presentation of the Alexander
invariant B. The ranks of the Chen groups often serve to distinguish the groups of
combinatorially “similar” arrangements. This is particularly useful for fiber-type
arrangements, where the ranks of the lower central series quotients of G itself are
determined by the exponents of the arrangement. On the other hand, we know of
no combinatorially equivalent arrangements whose Chen groups differ.

The precise relation between the Chen groups and the intersection lattice of a
central arrangement A4 is not known. We obtain partial results toward this end
here. To each element V € Ly(A), we associate a “local” Alexander invariant
By . Algebraic considerations yield a surjective homomorphism B — B where
B¢ = @y By is the “coarse combinatorial Alexander invariant” of A, determined
by (only) the multiplicities of the elements of La(.A). From this map, we obtain
combinatorial lower bounds on the ranks of the Chen groups of A. These ranks
are determined by the I-adic completion, E, of the Alexander invariant B, where
I is the augmentation ideal of A. We find a combinatorial criterion for when the
completion of the Alexander invariant of A decomposes as a direct sum, i.e., B>
Bec. We also obtain a combinatorial formula for the rank of the third Chen group
of any arrangement.

The above results may be viewed as evidence that the ranks, 6y, of the Chen
groups of A are combinatorially determined. In [5], we conjectured an explicit
combinatorial formula for 6, for sufficiently large k. This formula involved the
number [ of subarrangements of A lattice-isomorphic to the braid arrangement
A4 C C*. In the present context, we show by example that if 3 > 1, then the map
B — B is not an isomorphism. Other examples exhibit combinatorially different
ways this map can fail to be an isomorphism. These provide counterexamples to
the aforementioned formula, and illustrate the subtlety of the relationship between
the Chen groups and the lattice of an arrangement.
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Our results on Chen groups parallel a portion of Falk’s work on the LCS quotients
of an arrangement group. The combinatorial lower bounds we obtain for the ranks
of the Chen groups are analogous to those for the ranks, ¢y, of the LCS quotients
found in [13]. Moreover, the formula we obtain for 85 = ¢3 may be viewed as dual
to the description of ¢35 found in [12], [13]. The precise relationship between the
Chen groups and LCS quotients of an arrangement will be explored elsewhere.

The structure of the paper is as follows:

e In section 1, we review Alexander invariants and Chen groups, and present a
Groebner basis algorithm for determining the latter. The section concludes
with an analysis of the Alexander invariant and Chen groups of a product of
spaces.

e In section 2, we introduce our basic computational tools: the Fox free differ-
ential calculus and the Magnus representations.

e In section 3, we study the Alexander invariant of the group of a free au-
tomorphism. An explicit presentation is given when the automorphism is
basis-conjugating.

e In section 4, we find presentations for the local Alexander invariants of an
arrangement.

e In section 5, the presentation for the Alexander invariant of an arrangement
is obtained.

e In section 6, the homomorphism B — B is defined, and its completion
proven to be an isomorphism when a certain criterion is satisfied.

e In section 7, the aforementioned criterion is shown to be combinatorial, and
lower bounds on the ranks of the Chen groups of an arrangement are obtained.

e In section 8, we illustrate our results by means of several explicit examples.

Conventions. Given a group G, we will denote by Aut(G) the group of right auto-
morphisms of G, with multiplication - § = o a. We will regard all modules over
the group ring ZG as left modules. Elements of the free module (ZG)™ are viewed
as row vectors, and ZG-linear maps (ZG)" — (ZG)™ are viewed as n x m matrices
which act on the right (so that the matrix of Bo A is A- B). We will write AT for

the transpose of A, and (A; --- AS)T for (2.1 ) If ¢ : G — H is a homomorphism,

q} : ZG — ZH denotes its Z-linear extension to group rings. We will abuse notation
and also write ¢ : (ZG)"™ — (ZH)™ for the map ®7¢.

1. ALEXANDER INVARIANTS, CHEN GROUPS, AND PRODUCTS

We start by reviewing the definition of the Alexander invariant of a finite com-
plex. We then present an algorithm for computing the ranks of the Chen groups of a
group, based on a presentation of this module. Finally, we determine the structure
of the Alexander invariant of a product of spaces in terms of those of the factors.

1.1. Alexander Invariants. Let M be a path-connected space that has the ho-
motopy type of a finite CW-complex. Let G = 71 (M, %) be the fundamental group,
and K = H;(M) its abelianization. Let p : M’ — M be the maximal abelian
cover. The action of K on M’ passes to an action of K on the homology groups
H,(M'). This defines on H,(M') the structure of a module over the group ring
ZK. The ZK-module B = H;(M’) is called the (first) Alexander invariant of M.
Closely related to it is the (first) Alezander module, A = Hy(M',p~'(*)). These
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two modules, together with the augmentation ideal I = IK = ker(e : ZK — Z),
comprise the Crowell exact sequence, 0 - B — A — I — 0, of [10].

The two Alexander modules depend only on the group G. Indeed, A = ZK Rz
I1G, with K = G/G’ acting by multiplication on the left factor, and B = G'/G",
with the action of K defined by the extension 1 — G'/G" — G/G" — G/G" — 1.
Since M is by assumption a finite complex, G is a finitely presented group. Hence,
the ZK-module A is finitely presented; Fox’s free differential calculus provides an
explicit presentation (see [11], and also sections 2 and 3). Less evident, but still
true, is the fact that B also admits a finite presentation as a ZK-module (see [10],
[23], and also section 3).

1.2. Chen Groups. Let I',(G) denote the k™ lower central series subgroup of G,
defined inductively by I'1(G) = G and T'y11(G) = [T'x(G), G| for k > 1. The pro-
jection of G onto its maximal metabelian quotient G/G” induces an epimorphism
Iy (G) L'y (G/G")
—»
Fey1(G)  Tea(G/G")

from the k' lower central series quotient of G to the k" Chen group of G. Since
G is finitely presented, these quotients are finitely generated abelian groups, whose
ranks we will denote by ¢, respectively 6. It is readily seen that ¢, = 6 for
k <3, and ¢ > 0y for k > 3.

The Chen groups of G can be determined from the Alexander invariant of G.
Indeed, Massey [23] noted the following isomorphism, for & > 2:

L'y(G/G") I*2p
Ty (G/G")  IF-1B°

Thus, the Chen groups are determined by gr B = @kzo I*B/I**1B, viewed as a
graded module over the graded ring gr ZK = @kzo IF I+

Now assume K is free abelian, and fix a system of generators, t1,...,t,. The
group ring ZK can be identified with the ring of Laurent polynomials in n variables,
A= Z[tlﬂ, ...,tX1]. The ring A can be viewed as a subring of the formal power
series ring P = Z[[z1,...,z,]] via the “Magnus embedding,” given by t; — 1 — x;
and t; ' = S0 JaF. Let A = @A/Ik be the completion of A relative to the I-adic
topology. Then, the Magnus embedding extends to a ring isomorphism AP

Consider the m-adic filtration on P, where m = (z1,...,xz,), and its associated
graded ring, gr P = @, mk/mk“. As is well-known, this ring is isomorphic to
the polynomial ring R = Z[x1,...,2,]. Moreover, the Magnus embedding induces

a graded ring 1somorph1sm grA = grP = R. Let B be the I-adic completion of B,
and gr B= @k>0 mk B / m#+1B the associated graded module. Then, the canonical
map B — B induces an isomorphism gr B = gr B of graded modules over the ring
R.

Combining these facts, we can restate Massey’s result as follows:

Theorem 1.3 ([23]). The generating series for the ranks of the Chen groups of G,
Y oreo Or4ot®, is equal to the Hilbert series of the graded module associated to the

I-adic completion of B(G), Y272, rank(m* B /mkF+1 B)tk.
An immediate consequence of this theorem is that, for k sufficiently large, 6y

is given by a polynomial in k. Indeed, this is just the Hilbert-Serre polynomial of
gr B, see [32].
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1.4. Groebner Bases. Let A% 2 A® — B — 0 be a (finite) presentation of the
Alexander invariant. Note that, by replacing the generators of the free module A®
by suitable multiples if necessary, we may assume that the entries of the matrix of
A are polynomials in the variables ¢;. Let J =1im A. A presentation for the I-adic

completion of B is given by JCIE=Ny CN E — 0, where A is obtained from A via
the Magnus embedding. Clearly, im A = J. Since all the entries of the matrix for
A belong to the subring R C P, we may restrict Atoa map A : R® — R’ whose
image, Jn R, we denote by J.

We must find a presentation for the associated graded module gr B = gr(P?/.J).
This module is isomorphic to R®/LT(J), where LT(J) is the submodule of R’ con-
sisting of lowest degree homogeneous forms of elements in J, see [32]. We are left
with finding a finite generating set for LT(J). Such a set is provided by Mora’s
algorithm for obtaining the tangent cone of an affine variety at the origin, see [9],
[2]. Essentially, we must determine a (minimal) Groebner basis G = {g1,...,9c}
for the module J, with respect to a suitable monomial ordering. Then, LT(J) has
Groebner basis LT(G) = {LTg1,...,LTg.}, from which we can extract a minimal
Groebner basis H = {hy,...,hq}. Putting all these facts together, we obtain the
following.

Theorem 1.5. The module grﬁ has presentation R? el Rb — grg — 0, where
the rows of gr& constitute a minimal Groebner basis for the module generated by
the rows of the matrix 8, obtained from a presentation matrix A for B by replacing
Example 1.6. Let G = F,, be a free group of rank n. A presentation for the
Alexander invariant B of G is given by A® s Ab B 0, wherea = (3), b= (3),
and d3 is the differential in the standard A-resolution of Z. In this instance, it is
readily checked that the rows of the matrix d}, form a Groebner basis for the module
J. A standard argument then yields the ranks of the Chen groups of F,,: 6 = n
and 0, = (k — 1)(k+2_2) for k > 2, a calculation originally due to Murasugi [26]
(see also [24]).

1.7. Products. Let M7 and M5 be two path connected finite CW-complexes, with
K; = H,(M,;) free abelian, and let M/ be the corresponding maximal abelian covers.
Then M = M; x M5 has maximal abelian cover M’ = M; x M), corresponding to
K= Hl(M) = K1 X K2.

Proposition 1.8. There is an isomorphism of ZK -modules,

Hi(M') = ((Hi (M) ®zk, ZK) @11, Z) ® ((H1(M3) @z, ZK) @z, 7).
Proof. By the (homological) Kiinneth formula, the group H;(M') is isomorphic to
Hy(M7) ® Ho(M}) & Ho(M) ® Hy(MS5). When viewed as a ZK-module, the first
summand is isomorphic to

(H1(M7) ®zk, ZK) @zx ZK1) @ ((Z @zk, LK) @zx LZK>)
= (Hl(M{) ®zi, LK) Qzx (ZKl ® ZK9) Quk (Z ®zK, ZK)
= (H\(M7) ®zk, ZK) @7k, Z,
where we made use of the obvious isomorphism (ZK; ® ZKs) = Z(K; x K3), and

viewed the induced module Hi(M/) ®zk, ZK as a ZKs-module by restriction of
scalars. The second summand is treated exactly the same way. O
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We want to find now a presentation for the Alexander invariant B(M) = Hy(M'),
given presentations for the Alexander invariants B(M;) = H;(M]). Fix generators

tgi), cee S) for K;, and use them to identify ZK; with A;.

Theorem 1.9. If the Alexander invariants of My and My have presentations
A% 25 Ab B(M;) — 0,

then the Alexander invariant of M = My X Ms has presentation

[ M) [ Ay)
\ DY) “\ k)
A® A® — B(M) — 0,

where a = a1 + naby + ag + nibs, b = by + by, and D; = (tgi) —-1,... ,t,(fi) -1,

Proof. Let us look at the first summand in the direct sum decomposition of Hy (M)
from Proposition 1.8. It is the tensor product over ZK of two induced modules.
The first one is the ZK-module induced from the ZK;-module H; (M), and has
presentation

(1.1) (ZK)™ 25 (ZK)" — Hy (X)) @75, ZK — 0.

The second one is the ZK-module induced from the trivial ZKs-module Z, and has
presentation

(1.2) (ZK)"™ 22 2K — 7 @y, ZK — 0.

Taking the tensor product (over ZK) of the complexes (1.1) and (1.2) and truncat-
ing yields the following presentation for the first summand of Hy(M'):
[ Ay
by

\D
(ZK)a1+n2b1 42) (ZK)bl N (Hl(Xl) RzK, ZK) RzK 7 — 0.

The second summand is handled the same way, and that finishes the proof. O

Corollary 1.10. The ranks of the Chen groups of G = 71 (M X Ms) are given by
0r(G) = 0x(G1) + 0,(G2),
where G; = m (M;).

Example 1.11. Let G = Fy, x --- X Iy, be a direct product of finitely generated
free groups. Using the above result, and the calculation in Example 1.6, one can
easily recover the ranks of the Chen groups of G announced in [5]: 6; = Zle d;

and 0, = (k—1) - Zle (k+[f€"’_2) for k > 2.

Example 1.12. Let A be an affine arrangement of n hyperplanes in C%, and let
A be the cone of A, a central arrangement of n + 1 hyperplanes in C*+! (see [27]).
It is well-known that the complement M of A is homeomorphic to the product of
the complement M of A and C*, M = M x C*.

Fix a generator z for 71 (C*) = Z. Let A = Z[t5!, ..., tX'], and suppose that the

Alexander invariant B of A has presentation A% =5 Ab — B — 0 (see section 5).

Using Theorem 1.9, we obtain a presentation KaH) A, Kb — B — 0 for the
Alexander invariant of A, where A = Alz*!] and A = (A (2 —1) -id)T. Thus
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the ranks of the Chen groups of G(A) coincide with those of G(A) for k > 2. Note

that 01(A) = 61(A) +1=n+1.

2. A Quick TrIP THROUGH Fox CALCULUS

In this section we review the basics of Fox’s free differential calculus, as intro-
duced in [17], and developed in [3], and derive some consequences.

2.1. Fox Gradient. Let F),, be the free group on generators t1,...,t,, and ZF,
its group ring. Let W,, = \/]' S! be a wedge of n circles, with basepoint * at the
wedge point. Let Wn be the universal cover, and let 5.(Wn) be the augmented,
equivariant chain complex of W. Identifying Cy (Wn) with ZF,,, and C’l(Wn) with
the free ZF,-module of rank n (with basis ey, ..., e, given by the lifts of the 1-cells
at the basepoint *), we obtain the standard free ZF,,-resolution of Z,

0— (ZF,)" 25 ZF, 7 — 0,

where 0;(e;) =t; — 1 and €(t;) = 1. The Fox Calculus is based on the observation

that the augmentation ideal, I F,, = kere, is a free ZF,,-module of rank n, generated

by the entries of the matrix of d;. This can be rephrased as follows: Given any
ow

w € ZF,, there exist unique elements 5* € ZIF, (called the Fox derivatives of w)

such that the following “fundamental formula of Fox Calculus” holds:

" dw

(2.1) w—e(w) = a—tl(

i=1

ti—1).

Define the Foz gradient to be the ZF,-linear homomorphism V : ZF,, — (ZF,)"
given by

" Ow

V(w) = 2 o, e;-
Then, formula (2.1) takes the form 0 (V(w)) = w—¢e(w). From this can be deduced
the following “product rule” for the Fox gradient: V(uv) = V(u) - e(v) + u - V(v).
In particular, V(271) = —271V(2), for z € F,.

Now consider an endomorphism « : F,, — F;,. This deﬁng\s/ amap a:V W, — W,
(unique up to homotopy). The induced chain map e : Co(W,,) — Co¢(W,,) can be
written as

(2.2) l.](a)o& l&
C1 (W) —2— Co(Wy)

where J(«) : (ZF,)" — (ZF,)" is the Fox Jacobian of a; namely, the ZF,,-linear
homomorphism given by J(a)(e;) = V(a(t;)). If 5 : F,, — F,, is another endomor-
phism, the fact that (0o a)e = e © ve may be rephrased as the “chain rule of Fox
Calculus:” J(a - B) = B(J(a)) - J(B). In particular, J(a)' =ao J(a ') oal.
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2.2. Abelianized Fox Jacobian. Let Z" be the free abelian group on generators
t1,...,tn, and identify the group ring ZZ™ with A = Z[tlil, oot Let T =
xSt be the n-torus. The augmented, equivariant chain complex, Co = é.(f”),
of the universal (abelian) cover can be written as

(2.3) 002 0y 20, 20 0y S 2 0.

Identifying Cy with A, Oy with A", and O}, with A* Oy = A(X), we obtain the
standard free A-resolution of Z. The differentials of this resolution are given by
di(es) = Yy (= 1)"7(t;, —1)-ep\(j,}, where e5 = e, A+ Aej, if J = {j1, ..., ju}-

Let ab : F,, — Z", © — a:ab,/\lze the abelianization homomorphism. For an
element w € ZF,, let V®(w) := ab(V(w)) € A™ be its abelianized Fox gradient.
This defines a A-linear homomorphism

VP (w) : Cy — C, u— VP (w) - u.

For an endomorphism « of F,, let O(«) := é\B(J(a)) : C1 — C be its abelian-
ized Fox Jacobian. This is a A-linear map, whose matrix has rows ©(a)(e;) =
VaP(a(t;)). Abelianizing diagram (2.2) yields the chain map:

c, -1,

(2.4) l@(a)od l&

o, -1
Set O4(a) = A¥O() : C, — C}, (in particular, Oy = id). A computation in the
exterior algebra Cy = A°® C; shows that ©,_1(a)oaody = di o Or(a) o & for each
k, 1 <k <n. Thus, (2.4) extends to a chain map

(2.5) Oe(a)oa:Cy — C,

This chain map is the composite of two chain maps. The first is the (non-A-
linear) map & : (Ce,de) — (Co,& 0 de 0 &~ 1). The second is the (A-linear) map

Ou() : (Co,a0dgoa™t) — (C,d).

2.3. Magnus Representations. An automorphism « € Aut(F},) is called an IA-
automorphism if its abelianization, ab(a) : Z™ — Z™, is the identity map. In this
case, & = id, and so O4(a) : C4 — C, is a chain map.

The set of TA-automorphisms forms a subgroup of Aut(F,,), denoted by IA(F,).
By the chain rule, ©(« - 8) = O(a) - ©(8), for a, 5 € IA(F,). Thus © : IA(F,) —
Auty(Cy) = GL(n, A) is a linear representation of IA(F,), called the Magnus rep-
resentation, see [3]. From the above discussion, we see that this representation
generalizes to Oy : IA(F,) — Auty(C) = GL((Z),A).

Remark 2.4. For o € TA(F,,), the chain automorphism O,(a) : Co — C, admits
the following topological interpretation. The map « : W,, — W, lifts to a map of
the maximal abelian covers, o/ : W/, — W/,. View W/, as the 1-skeleton of T™. The
map o extends to a Z™-equivariant map & : T™ — T™. The induced chain map,
e : Co(T™) — C4(T™), is chain-equivalent to O,(a).
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3. THE ALEXANDER INVARIANT OF A FREE AUTOMORPHISM

In this section, we find presentations for the Alexander module and the Alexander
invariant of the group of an TA-automorphism. A more explicit presentation for the
latter is given in case the automorphism is basis-conjugating.

3.1. The Group of a Free Automorphism. Associated to an automorphism «
of the free group F, = (t1,...,t,) is the group

G(a) = <t1,...,tn | tl = Oé(tl),...,tn = a(tn)>.

Notice that « induces the identity automorphism on G(«). In fact, G(«a) is the
maximal quotient of F,, with this property. Also, note that G(«) is independent
of the choice of free generators for F,: If x1,...,x, is another such choice, then
(t1,. st | ti = a(ty)) = (x1,..., 2, | ©; = a(x;)). Finally, notice that the group
of a free automorphism depends only on the conjugacy class of that automorphism:
If 8 € Aut(F),), then

G L oaof) = (t; | ti =B oaoB(t))
= (t; | B(t:) = a(B(t:)))
=(z; | z; = a(z;)) = G(a).

See [25] for details.

Topologically, the group G(«) can be interpreted as follows. Recall that W,
denotes a wedge of n circles, and that « : W,, — W,, also denotes a basepoint pre-
serving homotopy equivalence that induces « : F;, — F,, on fundamental groups.
Let Y(a) = W, X, S! be the mapping torus of a; its fundamental group is
the semidirect product F,, x4 Z = {(t1,...,tp, 7 | 27 ;0 = at;)). Let X(a) =
Wy Xa St U,y gt * x D2 Then m (X (a)) = G(a), and, in fact, X («) is homotopy
equivalent to the 2-complex associated to the above presentation of G(«).

3.2. Alexander Invariants. Let o be an IA-automorphism of F,,, and G = G(«)
the associated group. Then H;(G) = Z", the free abelian group generated by
t1,...,tn. Let p: X’ — X be the corresponding (maximal abelian) cover of X =
X(a). We call the A-modules A(a) = Hy(X',p~1(x)), resp. B(a) = H1(X') the
Alezander module, resp. Alexander invariant of G(«). We wish to find presentations
for these modules.

First consider Y = W,, x S'. The chain complex of its maximal abelian cover
is obtained using the Fox calculus as in [6]:

(id -z - O(a) dy) \z -1/

Co(Y'): Co(Y") C1(Y") Co(Y') 57 —0,

where the chain groups are the modules over A = A[z*!] given by Ca(Y”) = C1 @4 A,
C1(Y') = (C1®Ch)@a A, and Cy(Y') = Co@4a A. Tt follows that the chain complex
of the maximal abelian cover of X = X(«) is

(3.1) CoXy: 0 2% o o) S 7.,

Hence, A(a) = coker(id —O(a)) and B(a) = ker(d;)/im(id —6(«)). By homolog-
ical algebra, there exists a chain map from the chain complex (3.1) to the free
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A-resolution (2.3), extending the identity map of Z:
id —©(a)

Ch -0z 0
N N
cy -2 0, 2, 0 Y07 0

A diagram chase shows that B(«a) = coker( %?)). To summarize, we have:

Proposition 3.3. If a € IA(F,), the Alexander module and the Alexander invari-
ant of G(«) have presentations

C 7% o0 Af) — 0,

(®(a) dg) '

CieCy —— Cy — B(a) — 0.

Remark 3.4. The map ®(«) is not unique, but rather, it is unique up to chain
homotopy: Given two choices, ®;1(a) and Py(«), there is a homomorphism D :
Cy — (5 such that ®1(a) — Po(a) = d3 o D. We abbreviate this by saying that
D (o) = Py(a) mod dz. Of course, any two choices yield equivalent presentations
for B(a).

As noted previously, the group G(B o a o 871) is isomorphic to G(a). The
relationship between the corresponding chain maps is as follows:
Proposition 3.5. For o, § € IA(F,), we have
B(BoaofB ) =05(8)0®(a)0oO(F!) mod ds.
Proof. By Remark 3.4, it is enough to show that
dy0O9(B) 0o ®(a) 0 O(B™!) =id—O(Boao ™).
Since the right-hand side equals ©(3) o (id —0(a)) 0 ©(8~1), the claim follows from
the equalities dg 0 ©2(8) = O(5) o dy and dp 0 P(a) = id —O(«). O

3.6. Basis-Conjugating Automorphisms. Let F,, = (t1,..., t,). An automor-
phism « of F,, is called a basis-conjugating automorphism if there exists an n-tuple
z = (z1,..., zn), with z; € F,, such that o = ~,, where ~,(t;) = zitizi_l. The

basis-conjugating automorphisms of F,, form a subgroup, CA(Fnj, of Aut(F,). For
a € CA(F,), the following definition/proposition gives an explicit formula for ®(«).

Proposition 3.7. For v, € CA(F,), define the A-homomorphism ®(~,) : C1 —
CQ by

(3.2) B(v,)(e;) = VP (2) Aey.

Then id —O(7,) = da 0 D(75).

Proof. First, note that the Magnus representation of v, is given by:

O(1a)(ei) = (1 —t;) - V() + 22 - e
Hence:
(id =O(72)) (e1) = (ti = 1) - V*(2i) + (1 = 21°) -5

= di(er) - V*(z;) — di (V*(2)) - e
— Ay () (e). D
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Remark 3.8. As mentioned before, an explicit formula for the Alexander invariant
B(L) of an arbitrary link L C S® is lacking. If L is a pure link of n components,
though, Propositions 3.3 and 3.7 provide a presentation for B(L), with (g) genera-
tors and (g) + n relations. Indeed, as shown by Artin, the braid group B, admits
a faithful representation B, — Aut(F),,), which restricts to P,, — CA(F,). More-
over, any link L is the closure, &, of a braid a € B, and 71(S%\ L) = G(a). Now
assume L is a pure link, i.e, L = &, for some a € P,. Then a = ~,, where z; is the
longitude corresponding to the meridian ¢;, and we get B(L) = coker( ‘I’&ZZ)), with
®(7,) given by (3.2).

3.9. Alexander Invariant of Several Automorphisms. The above notions
generalize in a straightforward manner, from a single automorphism « to several
automorphisms oy, ..., as of F,. Namely, let

G(Oél,...70[5):<t17...7tn|ti:ak(ti), 1§]€§S>

be the maximal quotient of F;, on which all oy, act trivially. This group can also be
characterized as the quotient of the semidirect product F,, X Fs = (t1,...,tn, 1, ...,
Zs | xlzltixk = ay(t;)) by the normal closure of Fy = (x1,...,2).

Assume oy, € TA(F,), for 1 < k < s. Let Y be the presentation 2-complex for
F, x Fs, and X that of G = G(ay,...,as). The chain complex of the maximal
abelian cover of Y has the following form:

(id—x1~@(al) dl O\
| : L (di)
lid—z,-O(as) 0 --- dy/ \d,) .

Cy(Y") C1(Y) —— Co(Y') = Z — 0,
where the chain groups are the modules over A = A[z!, ... zF'] given by Co(Y') =
@5C; @a A, C1(Y') = (C1 @ ®3Ch) @ A, and Co(Y’') = Cy ®4 A, and where
dy=(z1 -1 - x4 — 1)T. The chain complex of the maximal abelian cover of X
is then

[ id —©(a1))
\id —0(ay,)/

0 e Sz 0.

This chain complex provides a presentation matrix—the so-called Alexander ma-
triz, (id —0(aq) --- id —@(as))T—for the Alexander module A = A(ay,...,as).
Furthermore, if ®(ay) : C1 — Cy satisty da o ®(ay) = id —O (), then the Alexan-
der invariant B = B(ay, ..., a;) has presentation matrix (®(a) -+ ®(c) ds) .
When o € CA(F),), we obtain an explicit presentation for B.

Theorem 3.10. Let~,1,...,7,s be a collection of basis-conjugating automorphisms
of Fr,. Let ®(y,) : C1 — Cs be the homomorphisms defined by (3.2). Then the
Alexander invariant of G(Va1, ..., Vzs) has presentation

(@(yn) -+ ®(yme) dy)

CieCs Cy — B — 0.
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4. LocAL ALEXANDER INVARIANTS

We now find presentations for the Alexander invariant of the group of a full-twist
braid automorphism, and that of a related “vertex” group. These presentations are
given in terms of the Gassner representation, © : P,, — GL(n,A), which is simply
the restriction of the Magnus representation, © : IA(F,,) — GL(n,A), to the pure
braid group P,.

4.1. Alexander Invariant of a Twist Automorphism. Let V = {iy,... i}
be an increasingly ordered subset of [n] = {1,...,n}. Let Ay the pure braid in
P,, which performs a full twist on the strands corresponding to V', leaving the
other strands fixed. Let o; (1 < i < n) be the standard generators of B, and
Aij =01 JiHUfU;}l e 0]7_11 (1 <i < j <n) the standard generators of P,
see [3]. The twist on V is given by

(4.1) Av = (Aiy i) (Aiy ig Ay ig) (Aiy i Aig is Aigia) o (Aiy i o Ai i)

A computation with the Artin representation reveals that Ay = 7y, where w =
(w1, ..., wy,) is defined as follows:

ty ifieV,
(4.2) wi = { [ty tiy]  ifi€V\V,
1 otherwise,

where V={ien]|ii<i<i},Vi={jeV]j<i},'V={jeV]i<j}, and
ty =Ly ti =t ti,.

Let G(Ay) = (t1,...,tn | Av(t;) = t;) be the group associated to Ay € Aut(Fy,).
A computation with (4.2) shows that

G(Ay) = (ti, ...ty |ttty =t i€ V),

and so G(Ay) & (Fy—1 X F1) x F,_,. By Proposition 3.3, the Alexander invariant
of G(Ay) has presentation

(®(Ay) d3) '
(43) C,®Cs L Cy — B(Av) — 0.

By Proposition 3.7, and a Fox calculus computation, the map ®,, := ®(Ay) : C; —
(5 is given by

Vv ANe; ifieV
(4.4) Py (ei) =1 (1—-t;)Vy AV, ifieV\V
0 otherwise.

where Vy := V2(ty) =3, tyie;.

4.2. Simplified Presentation for B(Ay). Set Cy(V) = span{e; | J C V},
and let 1y : Cip(V) — Cj be the inclusion, and 7y : Cp — Cy(V) the natural
projection. Write V' := V' \ {minV'} = {is,...,i.}. From (4.4) it is apparent that
‘bv(Cl) = (bv(cl(V)) C CQ(V) Since 0 = VV/\VV = V\//\ei1 +vV/\ZieV’ tviei,
we see that @y (e;,) € Py (C1(V')). Thus,

(4.5) Dy (C1) = Dy (CL(V')) € Co(V).
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Define an automorphism py : F,, — F,, by:

(1) = ty ifi=minV,
pvik) = t; otherwise.

Note that ©(uy)(e;,) = Vv, and O2(uy ) (e, Ae;) = Py (e;), for i € V. Thus,
(46) @2('“‘/),1 o (Dv(ei) = €4, N e; for i € V/.
Let C5(V) be the direct summand of Cy spanned by {e;, Ae; | i € V'}, let Cy-(V)

be the complementary summand, and let 77 : Cy — Cs (V) be the canonical
projection. Putting together (4.3), (4.5), and (4.6), we obtain:

Proposition 4.3. The Alexander invariant of G(Ay) has presentation

(4.7) Oy =% €3 (V) = B(Av) =0,

where A(V) =7V 0 Oy(uy) "t o ds.

4.4. Alexander Invariant of a Vertex Group. To the twist automorphism Ay,

we also associate a “vertex group,” Gy := G({Av, A;; | [{i,7} N V]| < 1}). Using
(4.2), we obtain the following presentation:

(4.8) Gy = (t1,...,tn | tytity,! =t ifi €V, ttit; ' =t if {i,j} ¢ V).

Remark 4.5. The group Gy has the following geometric interpretation. Let Ay =
{Hy,...,H,} be an arrangement of n distinct lines in C? such that H; passes
through 0 for ¢ € V, and H; is in general position with Hy, for j ¢ V, and

~

k # j. Then Gy is isomorphic to the group of the arrangement Ay: Gy =
m (C2\ UL, H,).

A (minimal) presentation for the Alexander invariant By = B(Gy) may be
obtained from (4.7) by restricting the map A(V) to a map Co (V') ACy — Co(V'),
and some further matrix operations. Alternatively, it may be obtained by applying

Theorem 1.9 to the direct product decomposition Gy = F,_; x Z*~"+1 apparent
from (4.8). The result is as follows:

Proposition 4.6. The Alexander invariant of Gy has presentation
CQ(V/) AN C1 ﬂ CQ(VI) — BV — 0,
where Ay = mys 0 fiy, ods o /1;1 o (tyr Aid).
(This will be useful only when |V| > 3; if |V| = 2, then Gy = Z™, By = 0, and
Cy(V')=0.)
The above presentation may be extended to a free resolution,
AZ
(4.9) S Cy(VIY A Cy 2 Co(VI) A Oy 2Y Co (V') — By — 0,
with boundary maps Ay, given by

AY = (my Aid) o fiy o dg4g 0 ﬂ;l o (tyr Aid) : Co (V) ACr — Co(V'Y A C)_1.

Furthermore, by the discussion following (2.5), there exists a naturally defined chain
map Wye : (Co,de) — (Co2(V') A Co_a, A}7?), given by

(410) \IIV,k = (71'\// AN ld) o @k(MV)71 :C — CQ(V/) ACl_g, fork > 2.
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5. THE ALEXANDER INVARIANT OF AN ARRANGEMENT

In this section, we use the results of the previous sections to obtain a presentation
for the Alexander invariant of the group of a hyperplane arrangement.

5.1. Braid Monodromy. The fundamental group of the complement of an ar-
rangement of complex hyperplanes is, by a Lefschetz-type theorem of Zariski ([19],
[18]), isomorphic to that of a generic two-dimensional section. So, for the pur-
pose of computing the Alexander invariant, it is enough to consider affine line
arrangements in C2. Let A = {H,..., H,} be such an arrangement, with vertices
V =A{v,...,vs}. Ifop =H;N---NH;,let Vp = {iy,...,4,} denote the cor-
responding “vertex set.” We identify the set La(A) of rank two elements in the
lattice of A and the collection {V7,...,V,} of vertex sets of A.

The braid monodromy of A is determined as follows (see [7] for details). Choose
coordinates (z,z) in C? so that the projection pr; : C> — C is generic with respect
to A. Let f(x,2) =[], (2 — a;(z)) be a defining polynomial for .A. The root map
a = (a1,...,a,): C — C™ restricts to a map from the complement of Y = pry(V)
to the complement of the braid arrangement A,, = {ker(y; — y;) }1<i<j<n. Identify
71 (C\Y) with the free group Fs = (z1,...,%s), and 71 (C"\Uyc 4, H) with the pure
braid group P,. Then, the braid monodromy of A is the induced homomorphism
on fundamental groups, a : Fy — P,.

The braid monodromy generators ay = a(zy) can be written explicitly using a
braided wiring diagram W associated to A. Such a diagram, determined by the
choices made above, may be (abstractly) specified by a sequence of vertex sets and
braids, W = W, = {V1, 81, Va2, B2, ..., Bs—1, Vs }. The braid monodromy generators
are given by o = A“s};, where Ay, is the twist braid defined in (4.1) and §j, is a
pure braid determined by the subdiagram Wj.

5.2. The Presentation for B(A). Let M = M(A) be the complement of A.
Let G = G(ayq,...,as) be the fundamental group of M, with Alexander invariant
B = B(A). Theorem 3.10 provides the following presentation for B:

51 8 T
R )

Cls@C:g

where ®, := ®(A,) = O3(8) 0 &y, 0O(671) : C; — Oy, and Py is given by (4.4).
This presentation can be simplified, based on the following elementary observa-

Cy — B — 0,

tion: If R is a ring, and B is an R-module, with presentation RP 2RI B 0,
where A = T o=, or A = EZo0 Y, with = invertible, then B can also be presented
as R? - R7 — B — 0. Since the maps @(5,:1) are invertible we may replace @f};
by ©2(d)) o Py, . Furthermore, by (4.5), we may subsequently restrict each of the
maps Py, to @y : C1(V}) — Cs. Thus, we obtain the following:

Theorem 5.3. The Alezander invariant of an arrangement A, with braid mon-
odromy gemerators A(‘S}l - ,A“S;;, has presentation

K, 2 Ko — B(A) — 0,
S , - '
where K z@Cl(Vk)EBCg, Ko = Co, and A = (® d3) , with Ploy vy =

k=1
@2(5k) o (I)k,
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Note that this presentation has (%) generators and Y _; (|Vi|—1)+(}) relations,
and that > 7, (|Vk| — 1) = bo(M).

5.4. Real Arrangements. The presentation can be simplified in the case where
A is the complexification of a line arrangement Ag in R2. In this instance, the
wiring diagram W can be chosen so that it contains no intermediary braids, and
each “conjugating braid,” d, is a subword of the full twist, A},), on n strands.
Let U, denote the set of indices of wires of VW which lie above the vertex vy in
pry H(yx), and let Jx = (Vi \ Vi) NUk. Then the conjugating braids may be written
as 0k = [[;; Aji, where the product is over all i € Vi, and j € J, see [8], [7].
Define a homomorphism @4 (u) : Co — Cy by

O2(pv)(ei Nej) i {i,j} C Vi
e; Nej otherwise.

O (p)(ei N ej) = {

It is readily seen that ®s(u) is invertible. Similarly, define @2(d) : Cy — Cy. A
computation shows that oy (t;) = tyti: t;il, and that ©(d;)(e;) = (1 —t;) - VJ; +
tyi - e for i € Vj.. Thus, ©2(J) is also invertible. Proceeding as in 4.2, we obtain
the following.

Theorem 5.5. The Alexander invariant of a complexified real arrangement A has
presentation

O3 2% Lo — B(A) — 0,

where Lg is the complementary summand to K = @y C4(V) in Cy, mo : Co — Lo
is the canonical projection, and A’ = my 0 Oy (u) ™! 0 Oz(8) ! o ds.

Note that this presentation has only (g) — by(M) generators, and (g) relations.

Remark 5.6. For an arbitrary complex arrangement, the map ®5(d) need not be
invertible. Thus the simplification of the presentation of the Alexander invariant
afforded by the above result may not be available. However, for any arrangement,
we obtain an analogous simplified presentation for the I-adic completion, B (A), of
the Alexander invariant of A in Corollary 6.6.

6. DECOMPOSITION OF THE ALEXANDER INVARIANT

We now relate the Alexander invariant of an arrangement A to a “combinato-
rial” Alexander invariant, determined by the intersection lattice of A. For these
purposes, we restrict our attention to central arrangements and their generic sec-
tions. It is enough to consider an affine arrangement, A = {Hy,..., H,}, of n lines
in C? that is transverse to infinity (that is, no two lines of A are parallel). Recall
that we identify the set of rank two elements in the lattice of A and the collection
of vertex sets of A: La(A) = {V1,...,V,}.

6.1. The Coarse Combinatorial Alexander Invariant. For each V € Ly(A),
let Ay ={Hvy,,...,Hy,} denote the arrangement obtained from A by perturbing
the lines so that all lines except those passing through the corresponding vertex v
are in general position. Let A° = [],, Ay be the product of these arrangements
(see [27]). Define the coarse combinatorial Alexander invariant of A to be the
module B°(A) = B(A®) ®zzns ZZ™ induced from the Alexander invariant of A4
by the projection ty,; — t;.
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By Remark 4.5, the group of Ay is isomorphic to the vertex group Gy . Let By
be the Alexander invariant of Gy, as determined in 4.4. By Theorem 1.9, the coarse
combinatorial Alexander invariant of A decomposes as a direct sum of Alexander
invariants of vertex groups:

B<A) = & By.

VeLy(A)

Our goal in this subsection is to define an epimorphism II : B — B from the
Alexander invariant of the arrangement A to its “coarse combinatorial approxima-
tion.”

Notice that the module By depends only on the cardinality |V| of the vertex set
V. Consequently, the module B® depends only on the number and multiplicities
of the elements of Ly(A). This A-module admits a free resolution

NI JREENS P Ry ; LN

obtained by taking the direct sum of the resolutions (4.9): Ly = @y Ca(V') A Cy,
Dy = @VA"“/. (Since A is assumed to be transverse to infinity, Ly = @y Ca(V') is
indeed the complementary summand of K = @y Cy(V) in Ky = C2 = &y Ca(V).)

Let Wye : Co — Co(V') A Ce_2 be the chain map introduced in (4.10). Define a
chain map Wy : Cq — Le_o by Vi =3, Wy, for k > 2.

Proposition 6.2. The image of the composition ¥y 0o ® : @, C1(V') — Lo is
contained in the image of the map Dy : L1 — Lg. Therefore, there exists a map
I':@, Ci(V') — Ly such that Dy oT' = W30 ®.

Proof. Let AJ, be a braid monodromy generator of A, where V = {iy,...,i,} and
¢ is some pure braid. Using the pure braid relations to rewrite § if necessary, we
may assume that this pure braid is a word in the generators {A, ;s | {r,s} ¢ V}.

For j € V', we have ¥y 0 ®(e;) = Uy 0 O2()(Vy Aej;). Since § € IA(F,), we
have im (0 (6) —id) C I - Cx. Hence, ©2(0)(e; Nej) =e; Nej + Wi‘fj, where Wi‘fj =
> wpgepNeg, with wy g € 1. Thus Woo®(e;) = Ua(Vy Aej)+ D,y tyi - Wa(WP)).
Since Uy (Vy Aej) = myr0Oa(uy ) ~H(O(uv ) (i, Aej)) = my (e, Aej) = 0, it suffices
to show that

(6.1) Uy(W,) € im(Dy).

For a vertex set U € Lo(A), recall the natural projection 7y : Cy, — Ci(U), and
denote by I+ the ideal in A generated by (1 —t; | k & U).

Claim. For each vertex set U € Ly(A), we have my (W};) € I - Co(U).

Before proving this claim, let us show that it implies (6.1). For 1 < p < ¢ < n,
let V(p, q) denote the unique vertex set of A with p,qg € V(p,q). If w-e, Ae, is a
summand of Wi‘fj, write U = V(p,q). Then, by the claim, we have w € Ifr. Now
Us(e, Aeg) = Vra(e, Aey) € Co(U'), and it is readily checked that I - Co(U') C
im(Ay). It follows that Wa(w - e, Aeg) € Im(Ay).

Thus it suffices to prove the claim. This may be accomplished by induction on
the length of the word 4. If 6 = 1, then ng = 0, and there is nothing to prove.

If § = AFl, a computation shows that ©(A, )(e; A ej) = e; Aej + W/ and

T,87
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O2(A; ) (ei Nej) = e Aej — (tots) 7' W7, where

te(ts — De; Aep +6.(1 —t)e; A e ifi<j=r<s,
(I —t)[(1 —ts)ei Nep + (tr — 1)e; Aeg] ifi<r<ij<s,
(tr —1)e; Nes+ (1 —ts)e; Nep ifi<r<j=s,
(trts — 1)eq Nes ifi=r<j=s,
(tr —De; Nes+ (ts — Der Ae; + (8 — Ve, A eg] ifr<i<ij=s,
wrs = (I—t)[(1 —ts)er Nej + (tr — L)es Aey] %fr<z:<s<]:,
’ tr(ts — er ANej + (1 —tr)es Nej ifr=i<s<j,
(tr —1es Nej + (1 —ts)er Nej ifr<i=s<yj,
to(ts —Der ANej+ (b — D[tre; Aes + (L —tj)e, Nes] ifr=i<j<s,
(t; — D1 —ts)er Neg + (1 —tr)e; Aeg ifr<i<j<s,
+(1 —t)[(1 —ts)er Nej + (1 —tr)ej Aes)
0 otherwise.

If {r,s} ¢ V, it is readily checked that 7rU(W5 ) € If- - C2(U) for each U € La(A).

In general, write § as the product of A,ﬂ and ¢, and assume inductively that
O2(8")(ei A ej) = ei Nej + W satisfies my (W] ;) € I - Co(U) for each U. Then
02(0)(es Aej) = Oz(AFED) (e /\e]) —|—@2(Ai1)(W’ .), and by the above, it remains to
analyze the latter summand. If w - e, A ¢4 is a summand of W ;, then w € IV(p,q)
by induction. Case-by-case analysis then shows that each summand x - e; A e,,, of
@g(A,ﬂ)(w -ep N eg) satisfies z € I‘i(&m). This completes the proof of the claim,

and hence that of the proposition. O
We can now formulate the main result of this subsection.

Theorem 6.3. There exists a chain map Yo from the presentation Ko — B(A) to
the resolution Ly — B“(A),

K, —2 . K, B 0

Jn lro ln
Lo L -2 I, Bee 0,

given by Yo = Wy, and Y1(z,y) = T'(x) + U3(y). Furthermore, the resulting map
II: B — B*° s surjective.

D»

Proof. Tt is immediate from the above that T, is a chain map. Thus it suffices
to show that the map Yo : Ko — Lo, which by definition equals Wy = |, 7y o
Oa(uy)~t 1 Cy — @y Cy(V'), is surjective. With respect to the decomposition
Ko = K{®Lo = (@yvCy(V))B(DyC2(V")), we have Ty = (T6 idLO)T : K)®Lo —
Lo, where Y((e; Ax) = (e; — Vy) Az, for i = minV and € C(V’). Thus
Yo : Ko — Lo is surjective. O

6.4. Decomposition of the Completion. Recall that if B is a A-module, then
B denotes its I-adic completion, and that if f: A — B is a map of A-modules, we
write f: A — B for the extension of f to the completions. The I-adic completion
functor takes chain complexes to chain complexes, and chain maps to chain maps.
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Theorem 6.5. The cham map T K — L. induces an isomorphism B = Bee
if and only if the map ‘1'3 C’3 — L1 18 surjective.

Proof. Consider the mapping cone, K.(T)7 of T., given by
(6.2) "'—)Zz@klﬁ)f/l@l?oi)ZO,

where y(z,y) = (Da(z) — T1(y), A(y)) and & (z,y) = Di(z) + Yo(y), and the
short exact sequence of chain complexes

(6.3) 0— Lo 2 Ko(T) I Koy — 0,

where 14 and 7, denote the natural lIlChlSlOH and projection. Since TO is surjective,
we have Ho(K4(Y)) = 0. Also, since L, is a resolution, H,(L,) = 0. Thus the
associated long exact sequence in homology reduces to

(6.4) 0 — Hy(Ko(T)) — Ho(K) = Ho(Ls) — 0.

The map Y, : HO(IA(.) = HO(E.) identifies canonically with II : B — B, Thus, it
suffices to show that coker(¥s) = 0 if and only if Hy(K4(Y)) = 0.

Recall the map @ : &y Cy (V') — Cs from Theorem 5.3. Recall also (from the
proof of Proposition 6.2) that ®|¢, vy = @ mod I. Thus, (,I;|C‘1(V’) = ®y mod m.
Using the identification Cy (V') — C4(V), x + e; A x, where i = minV, and the
prOJectlon on the first factor p’ : Ky = KOEBLO — KO, define &' := p'o® : K, — K.
Since VV = ;cv € mod m, the map p o(I)V Cl(V’) CQ( ) coincides with the
above identification. Hence, ® =id mod m. Consequently, ®' is an isomorphism.

We now alter the short exact sequence (6.3). Write K1 (Y) = Ly @& K, @ Ly and
Kg(?) = EQ &) [?(’) D @3, and define p € Aut Kl('f) and ¢ € Aut Kg(?) by

~ ——1 ~
pla,y.2) = (2 +T 0@ (y),y. Di(@) + Th(y) +2) |
by, ) = (58 (1) - o ods(2),2).

Note that the restriction of ¢ to Lo is the identity, and let 1) denote the restriction
of ¢ to K1 = K| ® C5. We modify the sequence (6.3) as indicated below.

I D, Ly LN Lo
lw*lmz lﬂon lm:id
(6.5) L Tye Ry Y Te R, 2 T,
b e |
IA(l ﬂ IA(O — 0

Since ¥ o my = mp © w, thls dlagram commutes.
Consider the map = Lg ® 03 — L1 defined by

(6.6) Z(z,2) = Dy(z) + T o > op ods(z) — Us(2).

Computations with the definitions (making use of the fact that T, is a chain map)
reveal that 81 o p~1(z,y,2) = 2z and po dy 0 Y(x,y,2) = (E(x,2),y,0). Thus, =
provides a presentation for the module H;(K,(Y)), and this module is trivial if and
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~ ~ ~ —~—1 ~ ~
only if = is surjective. Since im(Dy) C m- Ly and im(T'o ®  op’ odz) C m- Ly,
the map = is surjective if and only if W3 is surjective. O

The above proof has several consequences, even in the instance when the map
W3 is not surjective, see below and Theorem 7.5. These results hold for an arbitrary
arrangement (real or complex, compare 5.3 and 5.5) that is transverse to infinity.

Corollary 6.6. The I-adic completion B of the Alexander invariant an arrange-
ment A has a presentation with (%) — ba(M(A)) generators, and (3) relations.

Proof. From the commutative diagram (6.5), we have the presentation 301; K 1—
I?O for B. Let P’ Ko =K\® Ly — Lo denote the pI‘OJeCthH onto second factor.
With respect to the decompositions K1 = KO ® Cg and Ko = KO P Lo, the map
A 01 : K — Ky is given by

-~ — ~ ——1 ——1 ~ ~
ob(a,y) = (2.5 (Bo® (1) =Bo®  of 0ds(y) +di(y))).
Define

~

o~ —~—1 o~ ~ o~
(6.7) Aﬁ:ﬁ”o<id—<1>o<1>’ oﬁ)odg:C’gHLo,

~ —1 ~ _
and define x € Aut Ko by x(z,y) = (z,y—p"o®0® (z)). Then yoAod(z,y) =
(z, A*(y)). Thus, A? provides a presentation for B with the specified numbers of
generators and relations. O

7. COMBINATORICS AND THE CHEN GROUPS

In this section, we examine the relationship between the results obtained in the
previous sections and the combinatorics of a hyperplane arrangement. We refer to
the Chen groups of the group G of an arrangement A as simply the Chen groups
of A.

An invariant of A is called combinatorial if it is determined by the isomorphism
type of the lattice L(A). As is well-known from [12], the ranks ¢ of the LCS
quotients of the group of A are combinatorially determined. Thus, the ranks of
the first three Chen groups of A are combinatorial. We now describe some explicit
combinatorial bounds and formulas for the ranks 6 of the Chen groups of A.

7.1. A Bound on Chen Ranks. Recall that the coarse combinatorial Alexander
invariant B°° of A is the direct sum ®y By of the Alexander invariants of the vertex
groups Gy, indexed by V' € Ls(A), the rank two elements of L(A). For k > 2,
define the coarse combinatorial Chen ranks by

Oic(A) = Y 0(Gv).
VELs(A)

From Theorem 1.3 and Theorem 6.3, we obtain the following.

Corollary 7.2. For k > 2, the ranks of the Chen groups of A are bounded below
by the coarse combinatorial Chen ranks: 0 (A) > 05°(A).

To compute these lower bounds explicitly, recall that Gy = F,._1 X Z" ™", where
r = |V]. By Corollary 1.10, the ranks of the Chen groups of Gy are given by
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0x(Gy) = (k—1) (k+£_3) for k > 2. Let ¢, denote the number of elements of Ly(.A)
of multiplicity r, and write (ZL) =0 if m < k. Then,

S (k_l)(kﬂ‘;l—?)) :Zcr(k—l)(kJr;_g),

VeLsy(A) >3

and so 65° is determined by (only) the multiplicities of the elements of Lo(.A).

Remark 7.3. The ranks of the lower central series quotients of the group G of A sat-
isfy analogous lower bounds: ¢y (A) = ¢3°(A) = >y cr, 4y 1(Gv), see [13], Propo-
sition 3.8.

Remark 7.4. The lower bounds for the ranks of the Chen groups of A may be
expressed in terms of the M&bius function p: L(A) — Z:

oz ¥ w-p(tTH ).

VeLa(A)

We now analyze the difference 6, — 0{°. Recall that 0, = rank(mk’2§/mk’1§).
Checking that the image of the map A? . O3 — Ly defined in (6.7) is contained
in m - Lo, we see that 65(A) = rank(B/mB) = (%) — ba(M(A)), and thus 65(A) =
55 (A). A A

Recall the mapping cone Ko(Y) from (6.2), and set H = H;(K.(Y)).

Theorem 7.5. For k > 3, the rank of the k' Chen group of A is given by 0r(A) =
rank(m* =3 H/mF=2H) + 65°(A). In particular, 03(A) = rank(coker W3) + 05°(A).

Proof. Consider the short exact sequence (6.4), rewritten as
(7.1) 0—HSBL Be—o.

Altering the commutative diagram (6.5) using the isomorphism x € Aut IA{O defined
in the proof of Corollary 6.6, we see that 7 is induced by y om0 p~ ! : El é
Ky @ Ly — KO7 (z,y,2 z) — (y,z — Dy(z)). Thus the restriction of this map to
ker(dy0p~1) = Ly ® K}, is given by (z,y) — (y, —D1(z)). Since B = coker(yoAo1))
and y o Ao ¥(y,0) = (y,0), the map 7 : H — B in homology is induced by
Dy : Ly — Ly. Since im(D;(2)) C m- Lo, from the exact sequence (7.1) we have
rank(mzﬁ/mz’lé) = rank(m‘" ' H/m’"2H) + rank(meﬁc"/mz’lﬁcc).
It follows from Theorem 1.3 that the ranks of the Chen groups of A are as asserted.
In particular, the third Chen group of A has rank 63 (A) = rank(H/mH)+605°(A).
Recall the presentation, = L2 &) Cg — Ll, for the module H from (6. 6) Using
elementary row and Column operations, we obtain a presentation Z’ : AT — AP
from this with b = rank L, — rank \IJ3 generators. Checking that im(Z') C m - Kb,
we get rank(H/mH) = rank(coker Us). O

7.6. Decomposition is Combinatorial. Let € : A — Z be the augmentation
map, which takes a power series to its constant coefficient. If F = AP is a free
module, denote its image under é by F = ZP, and if f: F — F’is a A-linear map,
denote its image by f: F — .

Lemma 7.7. The rank of]? is equal to the rank of f.
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Proof. Suppose the rank of f : ZP — Z9 is r. Then there are integral matrices

X € GL(p,Z) and Y € GL(¢,Z) so that X - f - Y = <{) 8), where I,. denotes the

r X r identity matrix. By definition, f = f + Z, where the entries of Z are in m.
Thus, X - f Y=X-f-Y4+X-Z-Y. Clearly, the rank of X - f Y, and hence
that of f, is r.

The converse follows from the functoriality of the construction. O

We now show that the rank of the map \/I;g : 63 — Zl is combinatorially de-
termined. Thus, the criterion for decomposition of the I—adlc completion of the
Alexander invariant of Theorem 6.5—the surjectivity of \113—15 combinatorial as
well. By the lemma, it suffices to show that the rank of W3 : C'3 — L; is combina-
torially determined.

For this, let A and A* be lattice-isomorphic arrangements of n lines in C? (which
are transverse to the line at infinity). Let W be a braided wiring diagram associated
to A, and let U3 : C3 — L1 = @,, C2(V’) A Cy be the map defined by the vertex
sets {V1,...,V5} of W. Choose arbitrary orderings of the hyperplanes and rank
two lattice elements of A4*, and denote the elements of Ls(A*) by {Uq,...,Us}.
Then formally construct the map ¥y = SuPus: Cy — L = @, C2(U") A Cy
using (4.10), the Magnus embedding, and the augmentation map é.

Since A and A* are lattice-isomorphic, there are permutations w € X, and
v € ¥, so that w(Vi) = Uy for each k, 1 < k < 5. The permutation w in-
duces an isomorphism wy, : Cp — Cj defined by wy(es) = ey(s). The map Wy is
combinatorially determined in the sense of the following.

Proposition 7.8. There is an isomorphism € : L1 — fi 50 that € oWy = TZ o wWs3.

Proof. Let V be a vertex set of A, and U = w(V') be the corresponding vertex set
of A*. Define a map £J : Co(V') A Cy — Co(U') A Cy by

(7.2) €Y = (mpr Aid) 0 Oa(uy) ™ o wz 0 Oa(py ) o (v Add).

Clearly, Eg is an isomorphism, with inverse 55 . Moreover, {g oWy 3 = Yy gows. The
collection {El‘j } defines a map £ : Ly — Lf, which yields the desired isomorphism
£ O

Combining these results with those of the previous section, we obtain

Theorem 7.9. The rank of the third Chen group of the arrangement A is given by
the combinatorial formula 63(A) = rank(coker W3) + 05¢(A).

Furthermore, if the map V3 : C3 — Ly is surjective, then the I- adzc completwn
of the Alexander invariant of A decomposes as a direct sum: B =~ e = @VBV,
and the ranks of the Chen groups of A are given by 0y (A) = 05°(A) for all k > 2.

Remark 7.10. If A is an arrangement for which the map U3 : C3 — L; is not
surjective, the ranks 05 (A) of the Chen groups of A for k > 4 may be computed
using the Groebner basis algorithm described in 1.2. Alternatively, in light of
Theorem 7.5, one can apply this algorithm to the presentation (6.6) of the module
H (or the smaller presentation described in the proof of Theorem 7.5) to determine
rank(m* 3 H/mF=2H) = 0, (A) — 65°(A).
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8. EXAMPLES

In this section, we illustrate the results of the previous sections by means of
several explicit examples. We order the hyperplanes of an arrangement A =
{Hy,...,H,} in the order indicated by the defining polynomial Q(A) = [;_, ¢
(so Hi, = ker ¢y,).

Example 8.1. Consider the central 3-arrangement A with defining polynomial
Q = zyz(y + 2)(z — 2)(2z + y). Randell [28] noted that this arrangement is not
K (m,1), and that there is no aspherical arrangement with the same lattice in ranks
one and two. Arvola [1] further showed that the group of this arrangement is not
of type FL.

The rank two elements of the lattice of A are

{{1,2,6},{1,3,5},{2,3,4},{1,4},{2,5},{4,5},{3,6},{4,6},{5,6}}.

It is readily checked that the map W3 : Z2° — Z'2 is surjective. By Theorem 7.9,
B =~ Beo = E{LQ’G} &) §{173’5} <) §{2,374}. It follows that the ranks of the Chen
groups of A are ; = 6 and 6 = 3(k — 1) for k > 2. Notice that these ranks
coincide with those of the Chen groups of a direct product of three free groups on
two generators, though clearly G 22 Fy X Fy X Fb.

Using Theorem 5.5 and elementary row operations, one can show that the
Alexander invariant itself decomposes as a direct sum, B = B* = By 6 ©

Bi1,35) ® By2,3,4}-

Example 8.2. The braid arrangement A4 is the smallest arrangement for which
the completion of the Alexander invariant does not decompose. The polynomial
Q = zyz(x —y)(z — 2z)(y — z) defines a central 3-arrangement whose complement is
homotopy equivalent to that of .44. The rank two elements of L(.4,) (the partition
lattice) are

{{1,2,4},{1,3,5},{2,3,6},{3,4},{2,5},{4,5,6},{1,6}}.

The map Vs :_Zzo — 7' is not surjective. Thus E(A4) does not decompose. A
basis for coker ¥3 is given by the two elements

K1 = ega43 N (es —e3) +eqz5) A(es —eg) +eqaep A(er —es) +eqs 61 A (es —e1),
Ko = ef2.43 N (e —es5) + €73,5} \ (e2 —eg) + €13,6} /\ (e1 —e5)+ €75,6} /\ (e —e1).

Since rank W3 = 14, we have 5(A4) = 10.

Remark 8.3. Note that the rank of the third Chen group of A4 is equal to that of
the product arrangement defined by zy(y — x)z(z — z)(z — 2z). In general, by the
LCS formula [15], the ranks of the lower central series quotients of the pure braid
group P, are equal to those of the direct product of free groups Il,, = F,, 1 x---x F7.
These groups are distinguished by their Chen groups. For k > 4, we have 0, (IL,) =
(k — 1)(”:f;2), by Example 1.11, and 6;(P,) = (k — 1)("1"), by the main result
of [5]. Thus, 0x(P,) # 0x(Il,) for n > 4, and the groups P, and II, are not
isomorphic.

Remark 8.4. Example 8.2 provides an easy means for detecting when the comple-
tion of the Alexander invariant of an arrangement A does not decompose. If S C A
is a subarrangement which is lattice-isomorphic to the braid arrangement A4, one
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can use the above elements of coker W3(.A4) and maps of the form (7.2) to generate
non-trivial elements of coker W3(.A).

It is interesting to note that (the matroid of) such an arrangement A has “non-
local decomposable relations,” see [14].

Example 8.5 (Diamond). Let D be the central 3-arrangement with defining poly-
nomial Q(D) = z(x +y+ 2)(x +y — 2)y(x —y — 2z)(x — y + 2)z. This is a free,
simplicial arrangement for which the LCS formula does not hold, and the Orlik-
Solomon algebra is not quadratic, see [12], [16], [30]. The rank two elements of
L(D) are

{{3,4,5},{1,2,5},{1,4},{1,3,6},{2,4,6},{1,7},{2,3,7},{4,7},{5,6,7}}.

This arrangement has three distinct subarrangements lattice-isomorphic to Aj4.
One such subarrangement is S = D\ {H;}. Define w : [6] < [7] by 1 — 2, 2 — 3,
3—4,4+— 7 5+ 6,6 — 5. The map w gives rise to a lattice-isomorphism
L(A4) = L(S) Define E : @VGLQ(.A4)62(VI) A\ 61 — @UGLQ(D) 62((]/) A 61
as in (7.2): &(egs ey Nej) = —eqery Awile;) and E(ex Aej) = Wa(ex A ei) for
K # {5,6}. Recall the elements k1 and ko from Example 8.2, and let &} = &(k;).
Then

Ky =eqan A (es —ea) +eqaey Aer —es) +eqasy A ez —er) +eqery A ez —ea),
Ky = eq37) A (€5 — e6) + eqaey A (€3 —es) + eqasy A (e2 — eg) + ege,rp A (e2 — e3)

are in the cokernel of U5 : Z3% — 739, We obtain 6 distinct elements of coker U3
in this way. However, there is a relation among them. We have rank W5 = 25,
and 05(D) = 17.

The ranks of the higher Chen groups may be found via the Groebner basis
algorithm of Theorem 1.5. By Example 1.12; we can simplify the computation by
working with the decone of D defined by Q(D)|.—1. Rotating this arrangement
counterclockwise to insure that first coordinate projection is generic, we obtain
a wiring diagram W = {{3,4,5},{1,2,5},{1,4},{1,3,6},{2,4,6}}. The image of
the associated braid monodromy « : F5; — P is generated by {4345, 4125,
Afi"‘, A 3.6, A’;‘Z‘%AS‘G}. From the presentation A2 25 AS — B — 0 provided by
Theorem 5.5, we find 65 (D) = 9(k — 1), for k > 4.

We have found a number of other arrangements for which the completion of the
Alexander invariant does not decompose as a direct sum. For example, for the
Coxeter arrangement of type B3, we have Cs = Z8*, L; = Z%, and V3 : C3 — L;
is obviously not surjective. (This arrangement also has (many) subarrangements
lattice-isomorphic to A4.) More subtle examples include the following.

Example 8.6 (MacLane). The polynomials
QF = zyly —v)z2(2 — 2 — W’y (2 + wy)(z — 2) (2 + W’z +wy)

where w = (—14+/-3)/2, define complex conjugate realizations A* of the MacLane
matroid (the 83 configuration). These arrangements were used by Rybnikov [29]
in his construction of lattice-isomorphic arrangements with distinct fundamental
groups. Rybnikov’s arrangements are not distinguished by their Chen groups.
Complex conjugation induces an isomorphism of the groups of A* and A=, and
thus an isomorphism of the Alexander invariants, Bt = B~. Neither of these
arrangements has a subarrangement lattice-isomorphic to the braid arrangement
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—+ . . 5
A4. Nevertheless, the maps U5 are not surjective, and the modules B¥* do not

decompose.

The hyperplane H = {7z — 5y + z = 1} is generic with respect to both these
arrangements. Moreover, the projection pr : C? — C defined by pr(x,y) = 13z —4y
is generic with respect to both affine 2-arrangements HN.A*. Changing coordinates

accordingly, we obtain braided wiring diagrams W+ = {V7, ﬁ1i7 Vs, ﬁgi, - ,ﬂlil, Via}
with vertex sets and intermediary braids given by:

Vi= {374}7 ﬁi‘: =1, Ve = {27577}7 /8?: = U;:Ia

Vo ={3,5,6}, By =1, Vs ={6,7}, fy =0y 035",

Vs =1{3,7,8}, f==1, Vo ={1,6,8}, fy =o7',

Vi :{27436}a ﬂézlt :0110:?17 Vio :{1a4a 7}v ﬁ) :O—jl’

Vs ={2,8}, ﬁgt =1, Vi = {1,5}, ﬁﬁ = Uitla

Vo = {4,5,8}, BF =oiftod?, Vig = {1,2,3}.

An argument as in [7] shows that the braid monodromies associated to W+ and
W™ are equivalent, but not braid equivalent. Calculations with these monodromies
reveal that 05°(AF) = 16, 03(A*) = 21, and 05 (AF) = 05°(AF) = 8(k—1) for k > 4.
Thus the failure of U3 to be surjective is detected only by the third Chen group.

Example 8.7 (93 Configurations). The relationship between the (completion of
the) Alexander invariant and the combinatorics of an arrangement appears to be
quite delicate. As an illustration, consider the arrangements P; and P, defined by

Q(P1) = zyz(z —y)(y — 2)(x —y — 2) (2 + y + 2) (22 +y — 2)(2z — Sy + 2),
Q(P2) = zyz(z + y)(y + 2) (¢ + 32)(z + 2y + 2)(z + 2y + 32) 2z + 3y + 32).

The arrangement P; is a realization of the Pappus configuration (93);, while Py is
a realization of the configuration (93)2. Note that neither of these arrangements
has a subarrangement lattice-isomorphic to the braid arrangement.

The combinatorial distinction between these arrangements (resp., their underly-
ing matroids) is detected by the maps W3(Py) : Z8* — Z53. The map W3(Ps) is
surjective, and consequently the module B (P3) decomposes as a direct sum. Thus,
0, (P2) = 9(k—1) for k > 2. However, the map W3(P;) is not surjective, and B(P;)
does not decompose. A calculation shows that 62(P1) =9, and 0, (P1) = 10(k — 1)
for k > 3.

It was conjectured in [5] that, for k sufficiently large, one has i (A) = 65°(A) +
(k —1)B(A), where 5(A) is the number of subarrangements of A that are lattice-
isomorphic to A4. The arrangement P; has 5 = 0 and 6;° = 9(k — 1), and hence
provides a counterexample to that conjecture.
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