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COMBINATORIAL COVERS COMBINATORIAL COVERS

COMBINATORIAL COVERS

A combinatorial cover for a space X is a triple pC , φ, ρq, where

1 C is a countable cover which is either open, or closed and locally
finite.

2 φ : NpC q Ñ P is an order-preserving, surjective map from the
nerve of the cover to a finite poset P, such that, if S ď T and
φpSq “ φpT q, then XT ãÑ XS admits a homotopy inverse.

3 If S ď T and
Ş

S “
Ş

T , then φpSq “ φpT q.

4 ρ : P Ñ Z is an order-preserving map whose fibers are antichains.

5 φ induces a homotopy equivalence, φ : |NpC q| Ñ |P|.
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COMBINATORIAL COVERS COMBINATORIAL COVERS

Example: X “ D2zt4 pointsu.

C :

U1

U2U3

NpC q :

tU1,U2,U3u

tU1,U2u tU1,U3u tU2,U3u

tU1u tU2u tU3u

P :
˚

1 2 3

φ : NpC q Ñ P: φptUiuq “ i and φpSq “ ˚ if |S| ‰ 1.
ρ : P Ñ Z: ρp˚q “ 1 and ρpiq “ 0.
XS “ XT for any S,T P φ´1p˚q.
Both |NpC q| and |P| are contractible.
Thus, C is a combinatorial cover.
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COMBINATORIAL COVERS ARRANGEMENTS OF SUBMANIFOLDS

ARRANGEMENTS OF SUBMANIFOLDS

Let A be an arrangement of submanifolds in a smooth, connected
manifold. Assume each submanifold is either compact or open.
Let LpAq be the (ranked) intersection poset of A.
Assume that every element of LpAq is smooth and contractible.

THEOREM (DENHAM–S.–YUZVINSKY 2014)

The complement MpAq has a combinatorial cover pC , φ, ρq over LpAq.
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COMBINATORIAL COVERS A SPECTRAL SEQUENCE

A SPECTRAL SEQUENCE

THEOREM (DSY)

Suppose X has a combinatorial cover pC , φ, ρq over a poset P. For
every locally constant sheaf F on X, there is a spectral sequence with

Epq
2 “

ź

xPP

rHp´ρpxq´1plk|P|pxq; Hq`ρpxqpX , F |Ux
qq

converging to Hp`qpX ,Fq. Here, Ux “ XS, where S P NpC q with
φpSq “ x.
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PROPAGATION OF COHOMOLOGY JUMP LOCI DUALITY SPACES

DUALITY SPACES

Let X be a path-connected space, having the homotopy type of a
finite-type CW-complex. Set π “ π1pX q.
Recall a notion due to Bieri and Eckmann (1978).

X is a duality space of dimension n if H ipX ,Zπq “ 0 for i ‰ n and
HnpX ,Zπq ‰ 0 and torsion-free.

Let D “ HnpX ,Zπq be the dualizing Zπ-module. Given any
Zπ-module A, we have H ipX ,Aq – Hn´ipX ,D b Aq.

If D “ Z, with trivial Zπ-action, then X is a Poincaré duality space.

If X “ K pπ,1q is a duality space, then π is a duality group.
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PROPAGATION OF COHOMOLOGY JUMP LOCI ABELIAN DUALITY SPACES

ABELIAN DUALITY SPACES

We introduce an analogous notion, by replacing π  πab.

X is an abelian duality space of dimension n if H ipX ,Zπabq “ 0 for
i ‰ n and HnpX ,Zπabq ‰ 0 and torsion-free.

Let B “ HnpX ,Zπabq be the dualizing Zπab-module. Given any
Zπab-module A, we have H ipX ,Aq – Hn´ipX ,B b Aq.

The two notions of duality are independent.

Fix a field k.

THEOREM (DENHAM–S.–YUZVINSKY 2015)

Let X be an abelian duality space of dimension n. If ρ : π1pX q Ñ k˚
satisfies H ipX ,kρq ‰ 0, then H jpX , kρq ‰ 0, for all i ď j ď n.
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PROPAGATION OF COHOMOLOGY JUMP LOCI CHARACTERISTIC VARIETIES

CHARACTERISTIC VARIETIES

Consider the jump loci for cohomology with coefficients in rank-1 local
systems on X ,

V i
spX ,kq “ tρ P Hompπ1pX q,k˚q | dimk HipX ,kρq ě su,

and set V ipX , kq “ V i
1pX ,kq.

COROLLARY (DSY)

Let X be an abelian duality space of dimension n. Then:
The characteristic varieties propagate:

V1pX , kq Ď ¨ ¨ ¨ Ď VnpX , kq.

dimk H1pX , kq ě n ´ 1.
If n ě 2, then H ipX ,kq ‰ 0, for all 0 ď i ď n.
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PROPAGATION OF COHOMOLOGY JUMP LOCI RESONANCE VARIETIES

RESONANCE VARIETIES

Assume charpkq ‰ 2, and set A “ H˚pX , kq.

For each a P A1, we have a cochain complex

pA, ¨aq : A0 a // A1 a // A2 // ¨ ¨ ¨

The resonance varieties of X are the jump loci for the cohomology
of these cochain complexes,

Ri
spX ,kq “ ta P H1pX ,kq | dimk H ipA,aq ě su.

THEOREM (PAPADIMA–S. 2010)

Let X be a minimal CW-complex. Then the linearization of the cellular
cochain complex C˚pX ab, kq, evaluated at a P A1 coincides with the
cochain complex pA,aq.
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PROPAGATION OF COHOMOLOGY JUMP LOCI RESONANCE VARIETIES

THEOREM (DSY)

Let X be an abelian duality space of dimension n which admits a
minimal cell structure. Then the resonance varieties of X propagate:

R1pX , kq Ď ¨ ¨ ¨ Ď RnpX ,kq.

COROLLARY (DSY)

Let M be a compact, connected, orientable smooth manifold of
dimension n. Suppose M admits a perfect Morse function, and
R1pM, kq ‰ 0. Then M is not an abelian duality space.

EXAMPLE

Let M be the 3-dimensional Heisenberg nilmanifold.
M admits a perfect Morse function.
Characteristic varieties propagate: V ipM, kq “ t1u for i ď 3.
Resonance does not propagate: R1pM,kq “ k2 but R3pM, kq “ 0.

ALEX SUCIU TOPOLOGY OF COMPLEX ARRANGEMENTS IAŞI, JUNE 30, 2015 10 / 23



COMPLEX ARRANGEMENTS HYPERPLANE ARRANGEMENTS

HYPERPLANE ARRANGEMENTS

Let A be a central, essential hyperplane arrangement in Cn.

Its complement, MpAq, is a Stein manifold. It has the homotopy
type of a minimal CW-complex of dimension n.

MpAq is a formal space.

MpAq admits a combinatorial cover.

THEOREM (DAVIS–JANUSZKIEWICZ–OKUN)

MpAq is a duality space of dimension n.

Using the above spectral sequence, we prove:

THEOREM (DENHAM-S.-YUZVINSKY 2015)

MpAq is an abelian duality space of dimension n. Furthermore, both
the characteristic and resonance varieties of MpAq propagate.
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COMPLEX ARRANGEMENTS ELLIPTIC ARRANGEMENTS

ELLIPTIC ARRANGEMENTS

An elliptic arrangement is a finite collection, A, of subvarieties in a
product of elliptic curves En, each subvariety being a fiber of a
group homomorphism En Ñ E .

If A is essential, the complement MpAq is a Stein manifold.

MpAq is minimal.

MpAq may be non-formal (examples by Bezrukavnikov and
Berceanu–Măcinic–Papadima–Popescu).

THEOREM (DSY)

The complement of an essential, unimodular elliptic arrangement in En

is both a duality space and an abelian duality space of dimension n.

In particular, the pure braid group of n strings on an elliptic curve is
both a duality group and an abelian duality group.
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RESONANCE AND MULTINETS RESONANCE VARIETIES AND MULTINETS

RESONANCE VARIETIES AND MULTINETS

Let RspA,kq “ R1
spMpAq,kq. Work of Arapura, Falk, D.Cohen–A.S.,

Libgober–Yuzvinsky, and Falk–Yuzvinsky completely describes the
varieties RspA,Cq:

R1pA,Cq is a union of linear subspaces in H1pMpAq,Cq – C|A|.

Each subspace has dimension at least 2, and each pair of
subspaces meets transversely at 0.

RspA,Cq is the union of those linear subspaces that have
dimension at least s ` 1.

Each k-multinet on a sub-arrangement B Ď A gives rise to a
component of R1pA,Cq of dimension k ´ 1. Moreover, all
components of R1pA,Cq arise in this way.
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RESONANCE AND MULTINETS RESONANCE VARIETIES AND MULTINETS

DEFINITION (FALK AND YUZVINSKY)

A multinet on A is a partition of the set A into k ě 3 subsets
A1, . . . ,Ak , together with an assignment of multiplicities, m : AÑ N,
and a subset X Ď L2pAq, called the base locus, such that:

1 There is an integer d such that
ř

HPAα
mH “ d , for all α P rks.

2 If H and H 1 are in different classes, then H X H 1 P X .
3 For each X P X , the sum nX “

ř

HPAα:HĄX mH is independent of
α.

4 Each set
`
Ť

HPAα
H
˘

zX is connected.

A multinet as above is also called a pk ,dq-multinet, or a k -multinet.

The multinet is reduced if mH “ 1, for all H P A.

A net is a reduced multinet with nX “ 1, for all X P X .
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RESONANCE AND MULTINETS RESONANCE VARIETIES AND MULTINETS

‚ ‚

‚

‚

FIGURE : A p3,2q-net on the A3 arrangement: X consists of 4 triple points
(nX “ 1)

2

2

2

FIGURE : A p3,4q-multinet on the B3 arrangement: X consists of 4 triple
points (nX “ 1) and 3 triple points (nX “ 2)
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MILNOR FIBRATION MILNOR FIBER AND MONODROMY

MILNOR FIBRATION

For each H P A let αH be a linear form with kerpαHq “ H, and let
Q “

ś

HPA αH .

Q : Cn Ñ C restricts to a smooth fibration, Q : MpAq Ñ C˚.

The typical fiber of this fibration, Q´1p1q, is called the Milnor fiber
of the arrangement, and is denoted by F “ F pAq.

F is neither formal, nor minimal, in general.

The monodromy diffeomorphism, h : F Ñ F , is given by
hpzq “ expp2πi{mqz, where m “ |A|.

A

F

h

F
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MILNOR FIBRATION MODULAR INEQUALITIES

MODULAR INEQUALITIES

Let ∆ptq be the characteristic polynomial of the degree-1 algebraic
monodromy, h˚ : H1pF ,Cq Ñ H1pF ,Cq.

Since hm “ id, we have

∆ptq “
ź

d |m

Φdptqed pAq,

where Φdptq is the d-th cyclotomic polynomial, and edpAq P Zě0.

If there is a non-transverse multiple point on A of multiplicity not
divisible by d , then edpAq “ 0.

In particular, if A has only points of multiplicity 2 and 3, then
∆ptq “ pt ´ 1qm´1pt2 ` t ` 1qe3 .

If multiplicity 4 appears, then also get factor of pt ` 1qe2 ¨ pt2 ` 1qe4 .
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MILNOR FIBRATION MODULAR INEQUALITIES

Let σ “
ř

HPA eH P A1 be the “diagonal" vector.

Assume k has characteristic p ą 0, and define

βppAq “ dimk H1pA, ¨σq.

That is, βppAq “ maxts | σ P R1
spA, kqu.

THEOREM (COHEN–ORLIK 2000, PAPADIMA–S. 2010)

epspAq ď βppAq, for all s ě 1.

THEOREM (PAPADIMA–S. 2014)
1 Suppose A admits a k-net. Then βppAq “ 0 if p - k and
βppAq ě k ´ 2, otherwise.

2 If A admits a reduced k-multinet, then ek pAq ě k ´ 2.
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MILNOR FIBRATION COMBINATORICS AND MONODROMY

COMBINATORICS AND MONODROMY

THEOREM (PAPADIMA–S. 2014)

Suppose A has no points of multiplicity 3r with r ą 1. Then, the
following conditions are equivalent:

1 A admits a reduced 3-multinet.
2 A admits a 3-net.
3 β3pAq ‰ 0.

Moreover, the following hold:
4 β3pAq ď 2.
5 e3pAq “ β3pAq, and thus e3pAq is combinatorially determined.

THEOREM (PS)

Suppose A supports a 4-net and β2pAq ď 2. Then
e2pAq “ e4pAq “ β2pAq “ 2.
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MILNOR FIBRATION COMBINATORICS AND MONODROMY

CONJECTURE (PS)

Let A be an arrangement which is not a pencil. Then epspAq “ 0 for all
primes p and integers s ě 1, with two possible exceptions:

e2pAq “ e4pAq “ β2pAq and e3pAq “ β3pAq.

If edpAq “ 0 for all divisors d of |A| which are not prime powers, this
conjecture would give:

∆Aptq “ pt ´ 1q|A|´1ppt ` 1qpt2 ` 1qqβ2pAqpt2 ` t ` 1qβ3pAq.

The conjecture has been verified for several classes of arrangements:

Complex reflection arrangements (Măcinic–Papadima–Popescu).

Certain types of real arrangements (Yoshinaga, Bailet, Torielli).
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MILNOR FIBRATION TORSION IN HOMOLOGY

TORSION IN HOMOLOGY

A pointed multinet on an arrangement A is a multinet structure,
together with a distinguished hyperplane H P A for which mH ą 1
and mH | nX for each X P X such that X Ă H.
We use a ‘polarization’ construction: pA,mq A}m, an
arrangement of N “

ř

HPA mH hyperplanes, of rank equal to
rankA` |tH P A : mH ě 2u|.

THEOREM (DENHAM–SUCIU 2014)

Suppose A admits a pointed multinet, with distinguished hyperplane H
and multiplicity m. Let p be a prime dividing mH .
There is then a choice of multiplicities m1 on the deletion A1 “ AztHu
such that HqpF pBq,Zq has p-torsion, where B “ A1}m1 and
q “ 1`

ˇ

ˇ

 

K P A1 : m1
K ě 3

(ˇ

ˇ.

In particular, F pBq does not admit a minimal cell structure.
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MILNOR FIBRATION TORSION IN HOMOLOGY

COROLLARY (DS)
For every prime p ě 2, there is an arrangement A such that
HqpF pAq,Zq has non-zero p-torsion, for some q ą 1.

Simplest example: the arrangement of 27 hyperplanes in C8 with
QpAq “ xypx2 ´ y2qpx2 ´ z2qpy2 ´ z2qw1w2w3w4w5px

2 ´ w2
1 qpx

2 ´ 2w2
1 qpx

2 ´ 3w2
1 qpx ´ 4w1q¨

ppx ´ yq2 ´ w2
2 qppx ` yq2 ´ w2

3 qppx ´ zq2 ´ w2
4 qppx ´ zq2 ´ 2w2

4 q ¨ ppx ` zq2 ´ w2
5 qppx ` zq2 ´ 2w2

5 q.

Then H6pF pAq,Zq has 2-torsion (of rank 108).
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