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Resonance varieties
Let A‚ be a graded, graded-commutative, algebra (cga) over a field k
with char k ‰ 2.

We assume A is connected (A0 “ k) and of finite-type (dimk A
i ă 8).

For each a P A1 we have a2 “ ´a2, and so a2 “ 0.

We then have a cochain complex,

pA‚, δaq : A0 δ0
a // A1 δ1

a // A2 δ2
a // ¨ ¨ ¨ ,

with differentials δiapuq “ a ¨ u, for all u P Ai .

The resonance varieties of A (in degree i ě 0 and depth k ě 0):

Ri
kpAq “ ta P A

1 | dimkH
i pA‚, δaq ě ku.

These sets are homogeneous subvarieties of the affine space A1.
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An element a P A1 belongs to Ri
kpAq if and only if there exist

u1, . . . , uk P A
i such that au1 “ ¨ ¨ ¨ “ auk “ 0 in Ai`1, and the set

tau, u1, . . . , uku is linearly independent in Ai , for all u P Ai´1.

Set bj “ bjpAq. For each i ě 0, we have a descending filtration,

A1 “ Ri
0pAq Ě Ri

1pAq Ě ¨ ¨ ¨ Ě Ri
bi
pAq “ t0u Ą Ri

bi`1
pAq “ H.

A linear subspace U Ă A1 is isotropic if the restriction of
A1 ^ A1 ¨

ÝÑ A2 to U ^ U is the zero map (i.e., ab “ 0, @a, b P U).

If U Ď A1 is an isotropic subspace of dimension k , then U Ď R1
k´1pAq.

R1
1pAq is the union of all isotropic planes in A1.

If k Ă K is a field extension, then the k-points on Ri
kpAbk Kq

coincide with Ri
kpAq.

Let ϕ : AÑ B be a morphism of cgas. If the map ϕ1 : A1 Ñ B1 is
injective, then ϕ1pR1

kpAqq Ď R1
kpBq, for all k .

Alexandru Suciu Jump loci of 3-manifolds IMAR 4/6/2022 3 / 32



Fix a k-basis te1, . . . , enu for A1, let tx1, . . . , xnu be the dual basis for
A1 “ pA

1q˚, and identify SympA1q with S “ krx1, . . . , xns, the
coordinate ring of the affine space A1.

The BGG correspondence yields a cochain complex of finitely
generated, free S-modules, LpAq :“ pA‚ bk S , δq,

¨ ¨ ¨ // Ai bk S
δiA // Ai`1 bk S

δi`1
A // Ai`2 bk S // ¨ ¨ ¨ ,

where δiApu b sq “
řn

j“1 eju b sxj .

The specialization of pAbk S , δq at a P A1 coincides with pA, δaq.

By definition, a P A1 belongs to Ri
kpAq if and only if

rank δi´1
a ` rank δia ď bi pAq ´ k . Hence,

Ri
kpAq “ V

´

Ibi pAq´k`1
`

δi´1
A ‘ δiA

˘

¯

,

where Ir pψq is the ideal of r ˆ r minors of a matrix ψ.

In particular, R1
kpAq “ V pIn´kpδ

1
Aqq (0 ď k ă n) and R1

npAq “ t0u.
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Poincaré duality algebras

Let A be a connected, finite-type k-cga.

A is a Poincaré duality k-algebra of dimension m if there is a k-linear
map ε : Am Ñ k (called an orientation) such that all the bilinear forms
Ai bk A

m´i Ñ k, ab b ÞÑ εpabq are non-singular.

We then have:
bi pAq “ bm´i pAq, and Ai “ 0 for i ą m.

ε is an isomorphism.

The maps PD: Ai Ñ pAm´i q˚, PDpaqpbq “ εpabq are isos.

Each a P Ai has a Poincaré dual, a_ P Am´i , such that εpaa_q “ 1.

The orientation class is ωA :“ 1_.

We have εpωAq “ 1, and thus aa_ “ ωA.
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The associated alternating form
Associated to a k-PDm algebra there is an alternating m-form,

µA :
ŹmA1 Ñ k, µApa1 ^ ¨ ¨ ¨ ^ amq “ εpa1 ¨ ¨ ¨ amq.

Assume now that m “ 3, and set n “ b1pAq. Fix a basis te1, . . . , enu
for A1, and let te_1 , . . . , e

_
n u be the dual basis for A2.

The multiplication in A, then, is given on basis elements by

eiej “
r
ÿ

k“1

µijk e
_
k , eie

_
j “ δijω,

where µijk “ µpei ^ ej ^ ekq.

Let Ai “ pA
i q˚. We may view µ dually as a trivector,

µ “
ÿ

µijk e
i ^ e j ^ ek P

Ź3A1,

which encodes the algebra structure of A.
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Classification of alternating forms

Let V be a k-vector space of dimension n. The group GLpV q acts on
Źm

pV ˚q by pg ¨ µqpa1 ^ ¨ ¨ ¨ ^ amq “ µ
`

g´1a1 ^ ¨ ¨ ¨ ^ g´1am
˘

.

The orbits of this action are the equivalence classes of alternating
m-forms on V . (We write µ „ µ1 if µ1 “ g ¨ µ.)

Over k, the closures of these orbits are affine algebraic varieties; there
are finitely many orbits only if m ď 2 or m “ 3 and n ď 8.

Each complex orbit has only finitely many real forms. When m “ 3,
and n “ 8, there are 23 complex orbits, which split into either 1, 2, or
3 real orbits, for a total of 35 real orbits.

There is a bijection between isomorphism classes of 3-dimensional
Poincaré duality algebras and equivalence classes of alternating
3-forms, given by A ú µA.
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Poincaré duality in orientable manifolds

Let M be a compact, connected, orientable, m-dimensional manifold.
Then the cohomology ring A “ H‚pM,kq is a PDm algebra over k.

Sullivan (1975): for every finite-dimensional Q-vector space V and
every alternating 3-form µ P

Ź3V ˚, there is a closed 3-manifold M
with H1pM,Qq “ V and cup-product form µM “ µ.

Such a 3-manifold can be constructed via “Borromean surgery.”

E.g., 0-surgery on the Borromean rings in S3 yields M “ T 3, with
µM “ e1e2e3.

If M is the link of an isolated surface singularity (e.g., if
M “ Σpp, q, rq is a Brieskorn manifold), then µM “ 0.
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Resonance varieties of PD-algebras
Let A be a PDm algebra. For 0 ď i ď m and a P A1, the following
diagram commutes up to a sign.

pAm´i q˚
pδm´i´1
´a q˚

// pAm´i´1q˚

Ai δia //

PD –

OO

Ai`1

PD –

OO

Consequently,
`

H i pA, δaq
˘˚
– Hm´i pA, δ´aq.

Hence, Ri
kpAq “ Rm´i

k pAq for all i and k . In particular,
Rm

1 pAq “ R0
1pAq “ t0u.

Corollary
Let A be a PD3 algebra with b1pAq “ n. Then Ri

kpAq “ H, except for:
Ri

0pAq “ A1 for all i ě 0.
R3

1pAq “ R0
1pAq “ t0u and R2

npAq “ R1
npAq “ t0u.

R2
kpAq “ R1

kpAq for 0 ă k ă n.
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A linear subspace U Ă V is 2-singular with respect to a 3-form
µ :

Ź3V Ñ k if µpa^ b ^ cq “ 0 for all a, b P U and c P V .

The rank of µ :
Ź3 V Ñ k is the minimum dimension of a linear

subspace W Ă V such that µ factors through
Ź3 W . The nullity of µ

is the maximum dimension of a 2-singular subspace U Ă V .

Clearly, V contains a singular plane if and only if nullpµq ě 2.

Let A be a PD3 algebra. A linear subspace U Ă A1 is 2-singular (with
respect to µA) if and only if U is isotropic.

Using a result of A. Sikora [2005], we obtain:

Theorem
Let A be a PD3 algebra over an algebraically closed field k with
charpkq ‰ 2, and let ν “ nullpµAq. If b1pAq ě 4, then

dimR1
ν´1pAq ě ν ě 2.

In particular, dimR1
1pAq ě ν.
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Real forms and resonance
Sikora made the following conjecture: If µ :

Ź3V Ñ k is a 3-form
with dimV ě 4 and if charpkq ‰ 2, then nullpµq ě 2.

Conjecture holds if n :“ dimV is even or equal to 5, or if k “ k.

Work of J. Draisma and R. Shaw [2010, 2014] implies that the
conjecture does not hold for k “ R and n “ 7. We obtain:

Theorem
Let A be a PD3 algebra over R. Then R1

1pAq ‰ t0u, except when
n “ 1, µA “ 0.
n “ 3, µA “ e1e2e3.
n “ 7, µA “ ´e1e3e5 ` e1e4e6 ` e2e3e6 ` e2e4e5 ` e1e2e7 ` e3e4e7 ` e5e6e7.

Sketch: If R1
1pAq “ t0u, then the formula px ˆ yq ¨ z “ µApx , y , zq defines

a cross-product on A1 “ Rn, and thus a division algebra structure on Rn`1,
forcing n “ 1, 3 or 7 by Bott–Milnor/Kervaire [1958].
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Example
Let A be the real PD3 algebra corresponding to octonionic
multiplication (the case n “ 7 above).

Let A1 be the real PD3 algebra with
µA1 “ e1e2e3 ` e4e5e6 ` e1e4e7 ` e2e5e7 ` e3e6e7.

Then µA „ µA1 over C, and so AbR C – A1 bR C.

On the other hand, A fl A1 over R, since µA  µA1 over R, but also
because R1

1pAq “ t0u, yet R1
1pA

1q ‰ t0u.

Both R1
1pAbR Cq and R1

1pA
1 bR Cq are projectively smooth conics,

and thus are projectively equivalent over C, but

R1
1pAbR Cq “ tx P C7 | x2

1 ` ¨ ¨ ¨ ` x2
7 “ 0u

has only one real point (x “ 0), whereas

R1
1pA

1 bR Cq “ tx P C7 | x1x4 ` x2x5 ` x3x6 “ x2
7 u

contains the real (isotropic) subspace tx4 “ x5 “ x6 “ x7 “ 0u.
Alexandru Suciu Jump loci of 3-manifolds IMAR 4/6/2022 12 / 32



Pfaffians and resonance
Let A be a k-PD3 algebra with b1pAq “ n. The cochain complex
LpAq “ pAbk S , δAq then looks like

A0 bk S
δ0
A // A1 bk S

δ1
A // A2 bk S

δ2
A // A3 bk S ,

where δ0A “
`

x1 ¨ ¨ ¨ xn
˘

and δ2A “ pδ
0
Aq
J, while δ1A is the skew- symmetric

matrix whose are entries linear forms in S given by

δ1Apei q “
ÿn

j“1

ÿn

k“1
µjike

_
k b xj .

Theorem
We have R1

2kpAq “ R1
2k`1pAq “ V pPfn´2kpδ

1
Aqq if n is even and

R1
2k´1pAq “ R1

2kpAq “ V pPfn´2k`1pδ
1
Aqq if n is odd. Moreover, if µA has

maximal rank n ě 3, then

R1
n´2pAq “ R1

n´1pAq “ R1
npAq “ t0u.
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Suppose dimk V “ 2g ` 1 ą 1. A 3-form µ :
Ź3V Ñ k is said to be

generic (in the sense of Berceanu–Papadima [1994]) if there is a
v P V such that the 2-form γv P V

˚ ^ V ˚ given by

γv pa^ bq “ µApa^ b ^ vq

for a, b P V has rank 2g , that is, γgv ‰ 0 in
Ź2gV ˚.

Theorem
Let A be a PD3 algebra with b1pAq “ n. Then

R1
1pAq “

$

’

’

’

&

’

’

’

%

H if n “ 0;

t0u if n “ 1 or n “ 3 and µ has rank 3;

V pPfpµAqq if n is odd, n ą 3, and µA is BP-generic;

A1 otherwise,
where PfpµAq is the Pffafian of µA, as defined by Turaev [2002].
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Example
Let M “ Σg ˆ S1, where g ě 2. Then µM “

řg
i“1 aibic is BP-generic,

and PfpµMq “ xg´1
2g`1. Hence, R1

1pMq “ tx2g`1 “ 0u. In fact,

R1
1 “ ¨ ¨ ¨ “ R1

2g´2 and R1
2g´1 “ R1

2g “ R1
2g`1 “ t0u.

As a corollary, we recover a closely related result, proved by Draisma and
Shaw [2010] by very different methods.

Corollary

Let V be a k-vector space of odd dimension n ě 5 and let µ P
Ź3 V ˚.

Then the union of all singular planes is either all of V or a hypersurface
defined by a homogeneous polynomial in krV s of degree pn ´ 3q{2.
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Characteristic varieties of spaces

Let X be a connected, finite-type CW-complex. Then G “ π1pX , x0q

is a finitely presented group, with Gab – H1pX ,Zq.

The ring R “ CrGabs is the coordinate ring of the character group,
CharpX q “ HompG ,C˚q – pC˚qn ˆ TorspGabq, where n “ b1pX q.

The characteristic varieties of X are the homology jump loci

V i
kpX q “ tρ P CharpX q | dimHi pX ,Cρq ě ku.

These varieties are homotopy-type invariants of X , with V1
k pX q

depending only on G “ π1pX q.

Set V1pG q :“ V1
1 pK pG , 1qq; then V1pG q “ V1pG{G

2q.

Let f P Zrt˘1
1 , . . . , t˘1

n s, f p1q “ 0. There is then a finitely presented
group G with Gab “ Zn such that V1pG q “ V pf q.
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Tangent cones
Let exp: H1pX ,Cq Ñ H1pX ,C˚q be the coefficient homomorphism
induced by CÑ C˚, z ÞÑ ez .

Let W “ V pI q, a Zariski closed subset of CharpG q “ H1pX ,C˚q.

The tangent cone at 1 to W is TC1pW q “ V pinpI qq.

The exponential tangent cone at 1 to W :

τ1pW q “ tz P H1pX ,Cq | exppλzq PW , @λ P Cu.

Both tangent cones are homogeneous subvarieties of H1pX ,Cq; are
non-empty iff 1 PW ; depend only on the analytic germ of W at 1;
commute with finite unions and arbitrary intersections.

τ1pW q Ď TC1pW q, with “ if all irred components of W are subtori,
but ‰ in general.

τ1pW q is a finite union of rationally defined subspaces.
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The tangent cone theorem
A k-cdga A is a model for a space X is A may be connected through
a zig-zag of quasi-isomorphisms to Sullivan’s algebra of piecewise
polynomial forms APLpX q bQ k.
If the maps in the zig-zag are only isomorphisms in Hďq and injective
in degree q ` 1, we say A is a q-model.
A is formal (or just q-formal) if it is (q-) equivalent to pH‚pAq, 0q.

Theorem
Let X be a connected CW-complex with finite q-skeleton, and suppose X
admits a q-finite q-model A. Then, for all i ď q and all k ě 0:

(DPS 2009, Dimca–Papadima 2014) V i
kpX qp1q – Ri

kpAqp0q. In
particular, if X is q-formal, then V i

kpX qp1q – Ri
kpX qp0q.

(Budur–Wang 2020) All the irreducible components of V i
kpX q passing

through the origin of CharpX q are algebraic subtori.

Consequently, τ1pV i
kpX qq “ TC1pV i

kpX qq “ Ri
kpAq.
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Alexander polynomials of 3-manifolds
Let H “ H1pX ,Zq{Tors. Let XH Ñ X be the maximal torsion-free
abelian cover of X , with cellular chain complex C‚pX

H , BHq.

The Alexander polynomial ∆X P ZrHs is the gcd of the codimension 1
minors of the Alexander matrix BH1 .

Proposition
Let λ be a Laurent polynomial in n ď 3 variables such that λ̄ .

“ λ and
λp1q ‰ 0. Then λ can be realized as the Alexander polynomial ∆M of a
closed, orientable 3-manifold M with b1pMq “ n.

Set W1
1 pMq “ V1

1 pMq X Char0pMq.

Proposition
Let M be a closed, orientable, 3-dimensional manifold. Then
W1

1 pMq “ V p∆Mq Y t1u. If, moreover, b1pMq ě 4, then ∆Mp1q “ 0, and
so W1

1 pMq “ V p∆Mq.
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A Tangent Cone theorem for 3-manifolds

Let M be a closed, orientable, 3-manifold, and set n “ b1pMq.

Theorem

(1) If either n ď 1, or n is odd, n ě 3, and µM is BP-generic, then

TC1pV1
1 pMqq “ R1

1pMq.

(2) If n is even, n ě 2, then R1pMq “ H1pM,Cq. Moreover,

TC1pV1
1 pMqq “ R1

1pMq ðñ ∆M “ 0.

Remark
In case (2), the equality R1pMq “ H1pM,Cq was first proved in [Dimca–S,
2009], where it was used to show that the only 3-manifold groups which
are also Kähler groups are the finite subgroups of Op4q.
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Theorem

(1) If n ď 1, then M is formal, and has the rational homotopy type of S3

or S1 ˆ S2.

(2) If n is even, n ě 2, and ∆M ‰ 0, then M is not 1-formal.

(3) If ∆M ‰ 0, yet ∆Mp1q “ 0 and TC1pV p∆Mqq is not a finite union of
Q-linear subspaces, then M admits no 1-finite 1-model.

Example
Let M “ S1 ˆ S2#S1 ˆ S2; then ∆M “ 0, and so
TC1pV1

1 pMqq “ R1
1pMq “ C2. In fact, M is formal.

Example
Let M be the Heisenberg 3-d nilmanifold; then ∆M “ 1 and µM “ 0,
and so TC1pV1

1 pMqq “ t0u, whereas R1
1pMq “ C2.

M admits a finite model, namely, A “
Ź

pa, b, cq with da “ db “ 0
and dc “ ab, but M is not 1-formal.
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Example
Let M be a 3-manifold with ∆M “ pt1 ` t2qpt1t2 ` 1q ´ 4t1t2. Then

t0u “ τ1pV1
1 pMqq Ř TC1pV1

1 pMqq “ tx
2
1 ` x2

2 “ 0u.

The latter variety decomposes as the union of two lines defined over C, but
not over Q. Hence, M admits no 1-finite 1-model.

The 3d Tangent Cone theorem does not hold in higher depth.

Example
Let M be a 3-manifold with b1pMq “ 10 and intersection 3-form

µM “ e1e2e5 ` e1e3e6 ` e2e3e7 ` e1e4e8 ` e2e4e9 ` e3e4e10.

R1
7pMq – tz P C6 | z1z6 ´ z2z5 ` z3z4 “ 0u, an irreducible quadric

with an isolated singular point at 0.
V1
k pMq Ď t1u, for all k ě 1.

Thus, TC1pV1
7 pMqq ‰ R1

7pMq, and so M is not 1-formal.
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The Bieri–Neumann–Strebel–Renz invariants
Let G be a finitely generated group, n “ b1pG q ą 0. Let
SpG q “ Sn´1 be the unit sphere in HompG ,Rq “ Rn.

(BNS 1987) Σ1pG q “ tχ P SpG q | CayχpG q is connectedu, where
CayχpG q is the induced subgraph of the Cayley graph of G on vertex
set the monoid Gχ “ tg P G | χpgq ě 0u.

(Bieri–Renz 1988) ΣqpG ,Zq “ tχ P SpG q | Gχ is of type FPqu, i.e.,
there is a projective ZGχ-resolution P‚ Ñ Z, with Pi finitely generated
for all i ď q. Moreover, Σ1pG ,Zq “ ´Σ1pG q.

The BNSR-invariants of form a descending chain of open subsets,
SpG q Ě Σ1pG ,Zq Ě Σ2pG ,Zq Ě ¨ ¨ ¨ .

The Σ-invariants control the finiteness properties of normal subgroups
N Ÿ G for which G{N is free abelian:

N is of type FPq ðñ tχ P SpG q | χpNq “ 0u Ď ΣqpG ,Zq

In particular: kerpχ : G � Zq is f.g.ðñ t˘χu Ď Σ1pG q.
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Novikov–Sikorav homology
The Novikov–Sikorav completion of ZG at χ P SpG q is

yZGχ “
 

λ P ZG | tg P suppλ | χpgq ě cu is finite, @c P R
(

.

Alternatively, is Um the additive subgroup of ZG (freely) generated by
tg P G | χpgq ě mu, then yZG´χ “ lim

ÐÝm
ZG{Um.

Example: Let G “ Z “ xty and χptq “ 1. Then
yZGχ “

!

ÿ

iďk
ni t

i | ni P Z, for some k P Z
)

.

Now let X be a connected CW-complex with finite q-skeleton. Write
SpX q :“ SpG q and define (Farber–Geoghegan–Schütz 2010):

ΣqpX ,Zq “ tχ P SpX q | Hi pX ,yZG´χq “ 0, @ i ď qu.

(Bieri 2007) If G is FPk , then ΣqpG ,Zq “ ΣqpK pG , 1q,Zq, @q ď k .

In particular, if G is f.g., the BNS set Σ1pG q “ ´Σ1pG ,Zq consists of
those χ P SpG q for which both H0pG ,yZGχq and H1pG ,yZGχq vanish.
Alexandru Suciu Jump loci of 3-manifolds IMAR 4/6/2022 24 / 32



Tropical varieties
Let K “ Ctttuu “

Ť

ně1 Cppt1{nqq be the field of Puiseux series {C.

A non-zero element of K has the form cptq “ c1t
a1 ` c2t

a2 ` ¨ ¨ ¨ ,
where ci P C˚ and a1 ă a2 ă ¨ ¨ ¨ are rational numbers with a common
denominator.

The (algebraically closed) field K admits a valuation v : K˚ Ñ Q,
vpcptqq “ a1. Let v : pK˚qn Ñ Qn Ă Rn be its n-fold product.

The tropicalization of a subvariety W Ă pK˚qn, denoted TroppW q, is
the closure (in the Euclidean topology) of vpW q in Rn.

This is a rational polyhedral complex in Rn. For instance, if W is a
curve, then TroppW q is a graph with rational edge directions.

If T be an algebraic subtorus of pK˚qn, then TroppT q is the linear
subspace HompK˚,T q b R Ă HompK˚, pK˚qnq b R “ Rn. Moreover,
if z P pK˚qn, then Troppz ¨ T q “ TroppT q ` vpzq.
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For a variety W Ă pC˚qn, we may define its tropicalization by setting
TroppW q “ TroppW ˆC Kq. This is a polyhedral fan in Rn.

For a polytope P , with (polar) dual P˚, let
FpPq face fan (the set of cones spanned by the faces of P).

N pPq (inner) normal fan.
If 0 P intpPq, then N pPq “ FpP˚q.

If W “ V pf q is a hypersurface defined by f “
ř

uPA autu P Crt˘1s,
and Newtpf q “ convtu | au ‰ 0u Ă Rn, then

TroppV pf qq “ N pNewtpf qqcodimą0.

Example
Let f “ t1 ` t2 ` 1. Then Newtpf q “ convtp1, 0q, p0, 1q, p0, 0qu is a
triangle, and so TroppV pf qq is a tripod.
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Tropicalizing the characteristic varieties
Recall K “ Ctttuu comes with a valuation map, v : K˚ Ñ Q.

Let νX : CharKpX q Ñ Qn Ă Rn be the composite

H1pX ,K˚q v˚ // H1pX ,Qq // H1pX ,Rq.

Given an algebraic subvariety W Ă H1pX ,C˚q we define its
tropicalization as the closure in H1pX ,Rq – Rn of the image of
W ˆC K Ă H1pX ,K˚q under νX ,

TroppW q :“ νX pW ˆC Kq.

Applying this to the characteristic varieties V i pX q :“ V i
1pX q, and

recalling that V i pX ,Kq “ V i pX q ˆC K, we have that

TroppV i pX qq “ νX
`

V i pX ,Kq
˘

.
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Lemma
Let W Ă pC˚qn be an algebraic variety. Then τR1 pW q Ď TroppW q.

Sketch of proof.
Every irreducible component of τR1 pW q is of the form LbQ R, for
some linear subspace L Ă Qn.
The complex torus T :“ exppLbQ Cq lies inside W .
Thus, TroppT q “ LbQ R lies inside TroppW q.

Proposition

τR1 pV i pX qq Ď TroppV i pX qq, for all i ď q.

If there is a subtorus T Ă Char0pX q such that T Ć V i pX q, yet
ρT Ă V i pX q for some ρ P CharpX q, then τR1 pV i pX qq Ř TroppV i pX qq.
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A tropical bound for the Σ-invariants
Theorem (PS-2010, S-2021)

Let ρ : π1pX q Ñ k˚ be a character such that ρ P VďqpX , kq. Let
υ : k˚ Ñ R be a valuation on k, and set χ “ υ ˝ ρ. If χ : π1pX q Ñ R is
non-zero, then χ R ΣqpX ,Zq.

Theorem (S-2021)

ΣqpX ,Zq Ď SpTroppVďqpX qqqc

Corollary

ΣqpX ,Zq Ď SpTroppVďqpX qqqc Ď SpτR1 pVďqpX qqqc.

Σ1pG q Ď ´SpTroppV1pG qqqc Ď SpτR1 pV1pG qqqc.

Corollary
If VďqpX q contains a component of CharpX q, then ΣqpX ,Zq “ H.
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BNS invariants of 3-manifolds
Let M be a compact, connected, orientable 3-manifold with
b1pMq ą 0.

The Thurston norm }φ}T of a class φ P H1pM;Zq is the infimum of
´χpŜq, where S runs though all the properly embedded, oriented
surfaces in M dual to φ, and Ŝ denotes the result of discarding all
components of S which are disks or spheres.

Thurston showed that } ´ }T defines a seminorm on H1pM;Zq, which
can be extended to a continuous seminorm on H1pM;Rq.

The unit norm ball, BT “ tφ P H
1pM;Rq | }φ}T ď 1u, is a rational

polyhedron with finitely many sides and symmetric in the origin.

Alexander norm: }φ}A “ lengthpφpNewtp∆Mqqq, where
Newtp∆Mq Ă H1pM,Rq is the Newton polytope of ∆M .

This defines a semi-norm on H1pM,Rq, with unit ball
BA “ tφ P H

1pM;Rq | }φ}A ď 1u.
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A non-zero class φ P H1pM;Zq “ Hompπ1pMq,Zq is fibered if there
is a fibration p : M Ñ S1 such that φ “ p˚ : π1pMq Ñ π1pS

1q “ Z.

There are facets of BT , called the fibered faces (coming in antipodal
pairs), so that a class φ P H1pM;Zq fibers if and only if it lies in the
cone over the interior of a fibered face.

BNS: If G “ π1pMq, then Σ1pG q is the projection onto SpG q of the
open fibered faces of BT ; in particular, Σ1pG q “ ´Σ1pG q.

Under some mild assumptions, McMullen showed that }φ}A ď }φ}T ;
thus, BT Ă BA, leading to an upper bound for Σ1pG q in terms of BA.

Theorem
Let M be a compact, connected, orientable, 3-manifold with empty or
toroidal boundary. Set G “ π1pMq and assume b1pMq ě 2. Then
(1) Trop

`

W1pG q
˘

is the positive-codimension skeleton of FpBAq, the
face fan of the unit ball in the Alexander norm.

(2) (Partly recovers McMullen’s theorem) Σ1pG q is contained in the union
of the open cones on the facets of BA.
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