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HYPERPLANE ARRANGEMENTS COMPLEMENT AND INTERSECTION LATTICE

HYPERPLANE ARRANGEMENTS

An arrangement of hyperplanes is a finite set A of codimension-1
linear subspaces in C`.

Intersection lattice LpAq: poset of all intersections of A, ordered by
reverse inclusion, and ranked by codimension.

Complement: MpAq “ C`z
Ť

HPA H.

The Boolean arrangement Bn
Bn: all coordinate hyperplanes zi “ 0 in Cn.
LpBnq: Boolean lattice of subsets of t0,1un.
MpBnq: complex algebraic torus pC˚qn.

The braid arrangement An (or, reflection arr. of type An´1)
An: all diagonal hyperplanes zi ´ zj “ 0 in Cn.
LpAnq: lattice of partitions of rns “ t1, . . . ,nu.
MpAnq: configuration space of n ordered points in C (a classifying
space for Pn, the pure braid group on n strings).
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HYPERPLANE ARRANGEMENTS COMPLEMENT AND INTERSECTION LATTICE

‚ ‚

‚

‚

x2 ´ x4 x1 ´ x2

x1 ´ x4

x2 ´ x3

x1 ´ x3 x3 ´ x4

FIGURE : A planar slice of the braid arrangement A4
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HYPERPLANE ARRANGEMENTS COMPLEMENT AND INTERSECTION LATTICE

We may assume that A is essential, i.e.,
Ş

HPA H “ t0u.

Fix an ordering A “ tH1, . . . ,Hnu, and choose linear forms
fi : C` Ñ C with kerpfiq “ Hi . Define an injective linear map

ι : C` Ñ Cn, z ÞÑ pf1pzq, . . . , fnpzqq.

This map restricts to an inclusion ι : MpAq ãÑ MpBnq. Hence,
MpAq “ ιpC`q X pC˚qn, a “very affine" subvariety of pC˚qn, and
thus, a Stein manifold.

Therefore, M “ MpAq has the homotopy type of a connected,
finite cell complex of dimension `.

In fact, M has a minimal cell structure (Dimca–Papadima, Randell,
Salvetti, Adiprasito,. . . ). Consequently, H˚pM,Zq is torsion-free.
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HYPERPLANE ARRANGEMENTS COHOMOLOGY RING

COHOMOLOGY RING

The Betti numbers bqpMq :“ rank HqpM,Zq are given by

ÿ̀

q“0

bqpMqtq “
ÿ

XPLpAq
µpX qp´tqrankpXq,

with µ : LpAq Ñ Z given by µpC`q “ 1 and µpX q “ ´
ř

YĽX µpY q.

Let E “
Ź

pAq be the Z-exterior algebra on degree-1 classes eH
dual to the meridians around the hyperplanes H P A.

Let B : E‚ Ñ E‚´1 be the differential given by BpeHq “ 1, and set
eB “

ś

HPB eH for each B Ă A.

The cohomology ring H˚pMpAq,Zq is isomorphic to the
Orlik–Solomon algebra ApAq “ E{I, where

I “ ideal
A

BeB

ˇ

ˇ

ˇ
codim

č

HPB
H ă |B|

E

.
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HYPERPLANE ARRANGEMENTS FUNDAMENTAL GROUP

FUNDAMENTAL GROUP

Given a generic projection of a generic slice of A in C2, the
fundamental group π “ π1pMpAqq can be computed from the
resulting braid monodromy α “ pα1, . . . , αsq, where αr P Pn.

π has a (minimal) finite presentation with

Meridional generators x1, . . . , xn, where n “ |A|.

Commutator relators xiαjpxiq
´1, where each αj acts on Fn via the

Artin representation.

Let π{γk pπq be the pk ´ 1qth nilpotent quotient of π. Then:

πab “ π{γ2 equals Zn.

π{γ3 is determined by Aď2pAq, and thus by Lď2pAq.

π{γ4 (and thus, π) is not determined by LpAq. (Rybnikov).
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COHOMOLOGY JUMP LOCI CHARACTERISTIC VARIETIES

CHARACTERISTIC VARIETIES

Let X be a connected, finite cell complex, and let π “ π1pX , x0q.

Let k be an algebraically closed field, and let Hompπ,k˚q be the
affine algebraic group of k-valued, multiplicative characters on π.

The characteristic varieties of X are the jump loci for homology
with coefficients in rank-1 local systems on X :

Vq
s pX , kq “ tρ P Hompπ,k˚q | dimk HqpX , kρq ě su.

Here, kρ is the local system defined by ρ, i.e, k viewed as a kπ-module,
via g ¨ x “ ρpgqx , and HipX ,kρq “ HipC˚prX ,kq bkπ kρq.

These loci are Zariski closed subsets of the character group.

The sets V1
s pX ,kq depend only on π{π2.
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COHOMOLOGY JUMP LOCI CHARACTERISTIC VARIETIES

EXAMPLE (CIRCLE)

We have ĂS1 “ R. Identify π1pS1, ˚q “ Z “ xty and kZ “ krt˘1s. Then:

C˚pĂS1, kq : 0 // krt˘1s
t´1 // krt˘1s // 0 .

For ρ P HompZ,k˚q “ k˚, we get

C˚pĂS1, kq bkZ kρ : 0 // k ρ´1 // k // 0 ,

which is exact, except for ρ “ 1, when H0pS1,kq “ H1pS1,kq “ k.
Hence: V0

1 pS
1,kq “ V1

1 pS
1, kq “ t1u and V i

spS1,kq “ H, otherwise.

EXAMPLE (PUNCTURED COMPLEX LINE)

Identify π1pCztn pointsuq “ Fn, and xFn “ pk˚qn. Then:

V1
s pCztn pointsu,kq “

$

&

%

pk˚qn if s ă n,
t1u if s “ n,
H if s ą n.
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COHOMOLOGY JUMP LOCI RESONANCE VARIETIES

RESONANCE VARIETIES

Let A “ H˚pX , kq, where chark ‰ 2. Then: a P A1 ñ a2 “ 0.

We thus get a cochain complex

pA, ¨aq : A0 a // A1 a // A2 // ¨ ¨ ¨ .

The resonance varieties of X are the jump loci for the cohomology
of this complex

Rq
s pX ,kq “ ta P A1 | dimk HqpA, ¨aq ě su

E.g., R1
1pX ,kq “ ta P A1 | Db P A1, b ‰ λa, ab “ 0u.

These loci are homogeneous subvarieties of A1 “ H1pX ,kq.

EXAMPLE

R1
1pT

n, kq “ t0u, for all n ą 0.
R1

1pCztn pointsu,kq “ kn, for all n ą 1.
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COHOMOLOGY JUMP LOCI THE TANGENT CONE THEOREM

THE TANGENT CONE THEOREM

Given a subvariety W Ă pC˚qnq, let
τ1pW q “ tz P Cn | exppλzq P W , @λ P Cu.

(Dimca–Papadima–S. 2009) τ1pW q is a finite union of rationally
defined linear subspaces, and τ1pW q Ď TC1pW q.

(Libgober 2002/DPS 2009)

τ1pV i
spX qq Ď TC1pV i

spX qq Ď Ri
spX q.

(DPS 2009/DP 2014): Suppose X is a k -formal space. Then, for
each i ď k and s ą 0,

τ1pV i
spX qq “ TC1pV i

spX qq “ Ri
spX q.

Consequently, Ri
spX ,Cq is a union of rationally defined linear

subspaces in H1pX ,Cq.
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JUMP LOCI OF ARRANGEMENTS RESONANCE VARIETIES

JUMP LOCI OF ARRANGEMENTS

Work of Arapura, Falk, D.Cohen–A.S., Libgober–Yuzvinsky, and
Falk–Yuzvinsky completely describes the resonance varieties
RspAq “ R1

spMpAq,Cq:

R1pAq is a union of linear subspaces in H1pMpAq,Cq – C|A|.

Each subspace has dimension at least 2, and each pair of
subspaces meets transversely at 0.

RspAq is the union of those linear subspaces that have dimension
at least s ` 1.

Each k-multinet on a sub-arrangement B Ď A gives rise to a
component of R1pAq of dimension k ´ 1. Moreover, all
components of R1pAq arise in this way.
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JUMP LOCI OF ARRANGEMENTS MULTINETS

DEFINITION (FALK AND YUZVINSKY)

A multinet on A is a partition of the set A into k ě 3 subsets
A1, . . . ,Ak , together with an assignment of multiplicities, m : AÑ N,
and a subset X Ď L2pAq, called the base locus, such that:

1 D d P N such that
ř

HPAα
mH “ d , for all α P rks.

2 If H and H 1 are in different classes, then H X H 1 P X .

3 @ X P X , the sum nX “
ř

HPAα:HĄX mH is independent of α.

4 Each set
`
Ť

HPAα
H
˘

zX is connected.

A multinet as above is also called a pk ,dq-multinet, or k -multinet.

The multinet is reduced if mH “ 1, for all H P A.

A net is a reduced multinet with nX “ 1, for all X P X .
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JUMP LOCI OF ARRANGEMENTS MULTINETS

EXAMPLE (BRAID ARRANGEMENT A4)

‚ ‚

‚

‚

4
2

1 3 5 6

R1pAq Ă C6 has 4 local components (from the triple points), and one
essential component, from the above p3,2q-net:

L124 “ tx1 ` x2 ` x4 “ x3 “ x5 “ x6 “ 0u,
L135 “ tx1 ` x3 ` x5 “ x2 “ x4 “ x6 “ 0u,
L236 “ tx2 ` x3 ` x6 “ x1 “ x4 “ x5 “ 0u,
L456 “ tx4 ` x5 ` x6 “ x1 “ x2 “ x3 “ 0u,
L “ tx1 ` x2 ` x3 “ x1 ´ x6 “ x2 ´ x5 “ x3 ´ x4 “ 0u.
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JUMP LOCI OF ARRANGEMENTS CHARACTERISTIC VARIETIES

Let Hompπ1pMpAqq,C˚q “ pC˚qn be the character torus.

The characteristic variety V1pAq :“ V1
1 pMpAq,Cq lies in the

substorus tt P pC˚qn | t1 ¨ ¨ ¨ tn “ 1u.

V1pAq is a finite union of torsion-translates of algebraic subtori of
pC˚qn.

If a linear subspace L Ă Cn is a component of R1pAq, then the
algebraic torus T “ exppLq is a component of V1pAq.

All components of V1pAq passing through the origin 1 P pC˚qn
arise in this way (and thus, are combinatorially determined).

In general, though, there are translated subtori in V1pAq.
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JUMP LOCI OF ARRANGEMENTS CHARACTERISTIC VARIETIES

(Denham–S. 2014)
Suppose there is a multinet M on A, and there is a hyperplane H
for which mH ą 1 and mH | nX for each X P X such that X Ă H.
Then V1pA z tHuq has a component which is a 1-dimensional
subtorus, translated by a character of order mH .

EXAMPLE (THE DELETED B3 ARRANGEMENT)

2

2

2

The B3 arrangement supports a p3,4q-multinet; X consists of 4 triple
points (nX “ 1) and 3 quadruple points (nX “ 2). So pick H with
mH “ 2 to get a translated torus in V1pB3ztHuq.
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JUMP LOCI OF ARRANGEMENTS PROPAGATION OF JUMP LOCI

PROPAGATION OF CJLS

(Denham–S.–Yuzvinsky 2014/15)

Suppose X is an abelian duality space of dimension n, i.e.,
HppX ,Zπabq “ 0 for p ‰ n and HnpX ,Zπabq ‰ 0 and torsion-free.

Let B “ HnpX ,Zπabq be the dualizing Zπab-module. Given any
Zπab-module A, we have H ipX ,Aq – Hn´ipX ,B b Aq.

Let ρ : π Ñ C˚ be a character. If HppX ,Cρq ‰ 0, then
HqpX ,Cρq ‰ 0 for all p ď q ď n.

Thus, the characteristic varieties of X “propagate":

V1
1 pX q Ď V2

1 pX q Ď ¨ ¨ ¨ Ď Vn
1 pX q.

If morever X admits a minimal cell structure (or X is formal), then

R1
1pX q Ď R2

1pX q Ď ¨ ¨ ¨ Ď Rn
1pX q.

ALEX SUCIU ARRANGEMENTS AND JUMP LOCI ICERM, JULY 6, 2015 17 / 18



JUMP LOCI OF ARRANGEMENTS PROPAGATION OF JUMP LOCI

Let A be an arrangement of rank `. Then its complement, MpAq,
is an abelian duality space of dimension `.

Recall MpAq is minimal (and formal). Thus, both the characteristic
and the resonance varieties of MpAq propagate.

Propagation of resonance for arrangement complements was first
established by Eisenbud–Popescu–Yuzvinsky, with further results
by Budur.
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