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ARTIN’S BRAID GROUPS

Let Bn be the group of braids on n strings (under concatenation).

Bn is generated by σ1, . . . , σn´1 subject to the relations
σi σi+1σi = σi+1σi σi+1 and σi σj = σj σi for |i ´ j | ą 1.

Let Pn = ker(Bn � Sn) be the pure braid group on n strings.

Pn is generated by Aij = σj´1 ¨ ¨ ¨ σi+1σ2
i σ´1

i+1 ¨ ¨ ¨ σ
´1
j´1 for

1 ď i ă j ď n.
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Bn = Mod1
0,n, the mapping class group of the 2-disk with n marked

points.

Thus, Bn is a subgroup of Aut(Fn), and Pn Ă IAn. In fact:

Bn = tβ P Aut(Fn) | β(xi) = wxτ(i)w
´1, β(x1 ¨ ¨ ¨ xn) = x1 ¨ ¨ ¨ xnu.

A classifying space for Pn is the configuration space

Confn(C) = t(z1, . . . , zn) P Cn | zi ‰ zj for i ‰ ju.

Thus, Bn = π1(Confn(C)/Sn).

Moreover,

Pn = Fn´1 ¸αn´1 Pn´1 = Fn´1 ¸ ¨ ¨ ¨ ¸ F2 ¸ F1,

where αn : Pn Ă Bn ãÑ Aut(Fn).
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WELDED BRAID GROUPS

The set of all permutation-conjugacy automorphisms of Fn forms a
subgroup of wBn Ă Aut(Fn), called the welded braid group.

Let wPn = ker(wBn � Sn) = IAnXwBn be the pure welded braid
group wPn.

McCool (1986) gave a finite presentation for wPn. It is generated
by the automorphisms αij (1 ď i ‰ j ď n) sending xi ÞÑ xjxix´1

j and
xk ÞÑ xk for k ‰ i , subject to the relations

αij αik αjk = αjk αik αij for i , j , k distinct,
[αij , αst ] = 1 for i , j , s, t distinct,
[αik , αjk ] = 1 for i , j , k distinct.
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The group wBn (respectively, wPn) is the fundamental group of the
space of untwisted flying rings (of unequal diameters), cf. Brendle
and Hatcher (2013).

Classical move Welded move

The upper pure welded braid group (or, upper McCool group) is
the subgroup wP+

n Ă wPn generated by αij for i ă j .

We have wP+
n – Fn´1 ¸ ¨ ¨ ¨ ¸ F2 ¸ F1.

PROPOSITION (S.–WANG)

For n ě 4, the inclusion wP+
n ãÑ wPn admits no splitting.
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VIRTUAL BRAID GROUPS

The virtual braid group vBn is obtained from wBn by omitting
certain commutation relations.

Let vPn = ker(vBn Ñ Sn) be the pure virtual braid group.

Bardakov (2004) gave a presentation for vPn, with generators xij
for 1 ď i ‰ j ď n,

1 i´1 i i+1 j´1 j j+1 n

¨ ¨ ¨ ¨ ¨ ¨¨ ¨ ¨

xij

1 i´1 i i+1 j´1 j j+1 n

¨ ¨ ¨ ¨ ¨ ¨¨ ¨ ¨

xji

subject to the relations

xijxikxjk = xjkxikxij , for i , j , k distinct,
[xij , xst ] = 1, for i , j , s, t distinct.

ALEX SUCIU (NORTHEASTERN) PURE BRAID GROUPS AND THEIR RELATIVES CAEN, JANUARY 2016 6 / 1



Let vP+
n be the subgroup of vPn generated by xij for i ă j .

The inclusion vP+
n ãÑ vPn is a split injection.

Bartholdi, Enriquez, Etingof, and Rains (2006) studied vPn and
vP+

n as groups arising from the Yang-Baxter equation.

They constructed classifying spaces for these groups by taking
quotients of permutahedra by suitable actions of the symmetric
groups.
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SUMMARY OF BRAID-LIKE GROUPS
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COHOMOLOGY RINGS AND BETTI NUMBERS

The cohomology algebras of the pure-braid like groups:
H˚(Pn,C): Arnol’d (1969).

H˚(wPn,C): Jensen, McCammond, and Meier (2006).

H˚(wP+
n ;C): F. Cohen, Pakhianathan, Vershinin, and Wu (2007) .

H˚(vPn;C) and H˚(vP+
n ;C): Bartholdi et al (2006), P. Lee (2013).

The Betti numbers of the pure-braid like groups:

Pn wPn wP+
n vPn vP+

n

bi s(n,n´ i) (n´1
i )ni s(n,n´ i) L(n,n´ i) S(n,n´ i)

Here s(n, k) are the Stirling numbers of the first kind, S(n, k) are the
Stirling numbers of the second kind, and L(n, k) are the Lah numbers.
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H˚(Pn;C) H˚(wPn;C) H˚(wP+
n ;C) H˚(vPn;C) H˚(vP+

n ;C)

Generators uij (i ă j) aij (i ‰ j) eij (i ă j) aij (i ‰ j) eij (i ă j)

Relations (I1) (I2) (I3) (I5) (I2)(I3)(I4) (I5) (I6)

Koszul Yes No for
n ě 4 Yes Yes Yes

(I1) ujk uik = uij (uik ´ ujk ) for i ă j ă k ,
(I2) aijaji = 0 for i ‰ j ,
(I3) akjaik = aij (aik ´ ajk ) for i , j , k distinct,
(I4) ajiaik = (aij ´ aik )ajk for i , j , k distinct,
(I5) eij (eik ´ ejk ) = 0 for i ă j ă k ,
(I6) (eij ´ eik )ejk = 0 for i ă j ă k .

Koszulness for Pn: Arnol’d, Kohno.

Koszulness for vPn and vP+
n : Bartholdi et al (2006), Lee (2013).

Koszulness for wP+
n : D. Cohen and G. Pruidze (2008).

Non-Koszulness for wPn: Conner and Goetz (2015).
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ASSOCIATED GRADED LIE ALGEBRAS

For a finitely generated group G, define the lower central series
inductively by γ1G = G and γk+1G = [γkG,G].
The group commutator induces a graded Lie algebra structure on

gr(G) =
à

kě1(γkG/γk+1G)bZ C.

gr(Pn) gr(wPn) gr(wP+
n ) gr(vPn) gr(vP+

n )

Generators xij , i ă j xij , i ‰ j xij , i ă j xij , i ‰ j xij , i ă j

Relations L2, L4 L1, L2, L3 L1, L2, L3 L1, L2 L1, L2

Kohno,
Falk–Randell Jensen et al. F. Cohen et al. Bartholdi et al.,

Lee
Bartholdi et al.,

Lee

(L1) [xij , xik ] + [xij , xjk ] + [xik , xjk ] = 0 for distinct i , j , k ,
(L2) [xij , xkl ] = 0 for ti , ju X tk , lu = H,

(L3) [xik , xjk ] = 0 for distinct i , j , k ,
(L4) [xim, xij + xik + xjk ] = 0 for m = j , k and i , j ,m distinct.
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Let φk (G) = dim grk (G) be the LCS ranks of G.

E.g.: φk (Fn) =
1
k

ř

d |k µ( k
d )n

d .

By the Poincaré–Birkhoff–Witt theorem,
8

ź

k=1

(1´ tk )´φk (G) = Hilb(U(gr(G)), t).

PROPOSITION (PAPADIMA–YUZVINSKY 1999)

Suppose gr(G) is quadratic and A = H˚(G;C) is Koszul. Then
Hilb(U(gr(G)), t) ¨Hilb(A,´t) = 1.

If G is a pure braid-like group, then gr(G) is quadratic.

Furthermore, if G ‰ wPn (n ě 4), then H˚(G;C) is Koszul.

Thus,
8

ź

k=1

(1´ tk )φk (G) =
ÿ

iě0

bi(G)(´t)i .
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CHEN LIE ALGEBRAS

The Chen Lie algebra of a f.g. group G is gr(G/G2), the
associated graded Lie algebra of its maximal metabelian quotient.

Let θk (G) = dim grk (G/G2) be the Chen ranks of G.

Easy to see: θk (G) ď φk (G) and θk (G) = φk (G) for k ď 3.

Chen(1951): θk (Fn) = (k ´ 1)(n+k´2
k ) for k ě 2.

THEOREM (D. COHEN–S. 1993)

The Chen ranks θk = θk (Pn) are given by θ1 = (n
2), θ2 = (n

3), and
θk = (k ´ 1)(n+1

4 ) for k ě 3.

COROLLARY

Let Πn = Fn´1 ˆ ¨ ¨ ¨ ˆ F1. Then Pn fl Πn for n ě 4, although both
groups have the same Betti numbers and LCS ranks.
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THEOREM (D. COHEN–SCHENCK 2015)

θk (wPn) = (k ´ 1)(n
2) + (k2 ´ 1)(n

3), for k " 0.

THEOREM (S.–WANG)

The Chen ranks θk = θk (wP+
n ) are given by θ1 = (n

2), θ2 = (n
3), and

θk =
k

ÿ

i=3

(
n + i ´ 2

i + 1

)
+

(
n + 1

4

)
, for k ě 3.

COROLLARY

wP+
n fl Pn and wP+

n fl Πn for n ě 4, although all three groups have the
same Betti numbers and LCS ranks.

This answers a question of F. Cohen et al. (2007).
For n = 4, an incomplete argument was given by Bardakov and
Mikhailov (2008), using single-variable Alexander polynomials.
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RESONANCE VARIETIES

Let G be a finitely presented group, and set A = H˚(G,C).

The (first) resonance variety of G is given by

R1(G) = ta P A1 | Db P A1zC ¨ a such that a ¨ b = 0 P A2u.

For instance, R1(Fn) = Cn for n ě 2, and R1(Z
n) = t0u.

THEOREM (D. COHEN–S. 1999)

R1(Pn) is a union of (n
3) + (n

4) linear subspaces of dimension 2.

THEOREM (D. COHEN 2009)

R1(wPn) is a union of (n
2) linear subspaces of dimension 2 and (n

3)
linear subspaces of dimension 3.
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THEOREM (S.–WANG)

R1(wP+
n ) =

ď

2ďiăjďn

Lij ,

where Lij is a linear subspace of dimension i.

PROPOSITION (BARDAKOV–MIKHAILOV–VERSHININ–WU 2009,
S.–WANG)

R1(vP3) coincides with H1(vP3,C) = C6.

PROPOSITION (S.–WANG)

R1(vP+
4 ) is the subvariety of H1(vP+

4 ,C) = C6 defined by

x12x24(x13 + x23) + x13x34(x12 ´ x23)´ x24x34(x12 + x13) = 0,
x12x23(x14 + x24) + x12x34(x23 ´ x14) + x14x34(x23 + x24) = 0,
x13x23(x14 + x24) + x14x24(x13 + x23) + x34(x13x23 ´ x14x24) = 0,
x12(x13x14 ´ x23x24) + x34(x13x23 ´ x14x24) = 0.
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FORMALITY PROPERTIES

FORMALITY PROPERTIES

(Quillen 1968) The Malcev Lie algebra of a group G is

m(G) = Prim(yCG),

the primitives in the I-adic completion of the group algebra of G.

A complete, filtered Lie algebra with gr(m(G)) – gr(G).

A f.g. group G is 1-formal if its Malcev Lie algebra is quadratic.

Thus, if G is 1-formal, then G is graded-formal, i.e., gr(G) is
quadratic.

Conversely, if G is graded-formal and filtered-formal, then G is
1-formal.

Formality properties are preserved under (finite) direct products
and free products.
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FORMALITY PROPERTIES

THEOREM (DIMCA–PAPADIMA–S. 2009)

If G is 1-formal, then R1(G) is a union of projectively disjoint, rationally
defined linear subspaces of H1(G,C).

THEOREM (KOHNO 1983)

Fundamental groups of complements of complex projective
hypersurfaces (e.g., Fn and Pn) are 1-formal.

THEOREM (BERCEANU–PAPADIMA 2009)

wPn and wP+
n are 1-formal.

THEOREM (S.–WANG)

vPn and vP+
n are 1-formal if and only if n ď 3.
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FORMALITY PROPERTIES

PROOF.
There are split monomorphisms

vP+
2� _

��

� � // vP+
3� _

��

� � // vP+
4� _

��

� � // vP+
5� _

��

� � // vP+
6� _

��

� � // . . .

vP2
� � // vP3

� � // vP4
� � // vP5

� � // vP6
� � // . . .

vP+
2 = Z and vP+

3 – Z ˚Z2. Thus, they are both 1-formal.

vP3 – N ˚Z and P4 – N ˆZ. Thus, vP3 is 1-formal.

R1(vP+
4 ) is non-linear. Thus, vP+

4 is not 1-formal.

Hence, vP+
n and vPn (n ě 4) are also not 1-formal.
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RESONANCE VARIETIES AND CHEN RANKS

THE CHEN RANKS CONJECTURE

CONJECTURE (S. 2001)

Let G be a hyperplane arrangement group. Let cr be the number of
r -dimensional components of R1(G). Then, for k " 1,

θk (G) =
ÿ

rě2

cr ¨ θk (Fr ).

The conjecture was based in part on θk (Pn) versus R1(Pn).

THEOREM (D. COHEN–SCHENCK 2014)

More generally, the conjecture holds if G is a 1-formal, commutator-
relators group for which R1(G) is 0-isotropic, projectively disjoint, and
reduced as a scheme.

The groups wPn satisfy the Chen ranks formula.

However, wP+
n do not satisfy the Chen ranks formula for n ě 4!
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