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THE MILNOR FIBRATION OF AN ARRANGEMENT

THE MILNOR FIBRATION OF AN ARRANGEMENT

Let A be a (central) arrangement of hyperplanes in Cd+1, with
complement M(A).

Let Qm =
ś

HPA f mH
H , where H = ker(fH) and m P N|A|: a

homogeneous polynomial of degree N =
ř

HPA mH .

The map Qm : Cd+1 Ñ C restricts to a map Qm : M(A)Ñ C˚.

This is the projection of a smooth, locally trivial bundle, known as
the (global) Milnor fibration of the multi-arrangement (A,m),

Fm(A) // M(A)
Qm // C˚.

The typical fiber, Fm(A) = Q´1
m (1), is called the Milnor fiber of the

multi-arrangement.

The (geometric) monodromy is the diffeomorphism

h : Fm(A)Ñ Fm(A), z ÞÑ e2πi/Nz.
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THE MILNOR FIBRATION OF AN ARRANGEMENT

Fm(A) is a Stein domain of complex dimension d ; thus, it has the
homotopy type of a finite CW-complex of dimension d .
If all mH = 1, the polynomial Q = Qm is the usual defining
polynomial, and F (A) = Fm(A) is the usual Milnor fiber of A.

EXAMPLE

Let A be a pencil of 3 lines through the origin of C2. Then F (A) is a
thrice-punctured torus, and h is an automorphism of order 3:

A

F (A)

h

F (A)
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THE MILNOR FIBRATION OF AN ARRANGEMENT

As conjectured by Papadima–S. and proved by Dimca–Papadima,
Randell, Salvetti–Settepanella, etc, the complement M(A) admits
a minimal cell structure (Morse inequalities satisfied on the nose).

In particular, H˚(M(A),Z) is torsion-free.

Question (Dimca–Némethi, Randell): Is the same true for F (A)?

In previous work (Cohen–Denham–S. 2003), we showed that the
answer is no, but only for Fm(A), for non-trivial m.

Here, we settle the question for the standard Milnor fiber F (A).

THEOREM

For every prime p ě 2, there is a hyperplane arrangement whose
Milnor fiber has non-trivial p-torsion in homology.

In particular, Milnor fibers of arrangements do not necessarily have a
minimal cell structure.
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THE MILNOR FIBRATION OF AN ARRANGEMENT

Simplest example: the arrangement of 27 hyperplanes in C8 with

Q(A) = xy(x2 ´ y2)(x2 ´ z2)(y2 ´ z2)w1w2w3w4w5(x2 ´w2
1 )¨

(x2 ´ 2w2
1 )(x

2 ´ 3w2
1 )(x ´ 4w1)((x ´ y)2 ´w2

2 )((x + y)2 ´w2
3 )¨

((x ´ z)2 ´w2
4 )((x ´ z)2 ´ 2w2

4 ) ¨ ((x + z)2 ´w2
5 )((x + z)2 ´ 2w2

5 ).

Then H6(F (A),Z) has 2-torsion (of rank 108).
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THE MILNOR FIBRATION OF AN ARRANGEMENT

Basic idea of proof:

Fm(A) is the regular ZN -cover of U = PM(A) defined by the
homomorphism δm : π1(U) � ZN , taking each meridian xH to mH .

If k = k and char(k) - N, then Hq(Fm(A), k) –
À

ρ Hq(U, kρ),
where ρ : π1(U)Ñ k˚ factors through δm.

Thus, if there is such a character ρ for which Hq(U, kρ) ‰ 0, where
p = char(k) - N, but there is no corresponding character in
characteristic 0, then Hq(Fm(A),Z) will have p-torsion.

Fix a prime p. Starting with an arrangement A with a suitable
multinet structure, we find a deletion A1 = AztHu, and a choice of
multiplicities m1 on A1 such that H1(Fm1(A1),Z) has p-torsion.

Finally, we construct a “polarized" arrangement, B = A1 }m1, and
show that H˚(F (B),Z) has p-torsion.
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CHARACTERISTIC VARIETIES

CHARACTERISTIC VARIETIES

Let X be a connected, finite-type CW-complex. Then
G = π1(X , x0) is a finitely generated group, with Gab – H1(X ,Z).

The character group pG = pGk := Hom(G, k˚) – H1(X ,k˚) is an
abelian algebraic group, with pG – yGab.

Characteristic varieties:

V i
s(X ,k) := tρ P pG | dimk Hi(X ,kρ) ě su.

Here, kρ is the local system defined by ρ, i.e, k viewed as a kG-module,
via g ¨ x = ρ(g)x , and Hi (X ,kρ) = Hi (C˚(rX ,k)bkG kρ).

Product formula: V i
1(X1 ˆX2,k) =

Ť

p+q=i V
p
1 (X1,k)ˆ Vq

1 (X2, k).

The sets V1
s (X , k) depend only on G = π1(X )—in fact, only on

G/G2. Write them as V1
s (G,k), and set V1(G, k) = V1

s (G,k).

If ϕ : G � Q is an epimorphism, then the induced morphism
ϕ̂k : pQ ãÑ pG restricts to an embedding V1

s (Q,k) ãÑ V1
s (G, k), @s.
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CHARACTERISTIC VARIETIES

EXAMPLE

We have ĂS1 = R. Identify π1(S1, ˚) = Z = xty and kZ = k[t˘1].
Then:

C˚(ĂS1,k) : 0 // k[t˘1]
t´1 // k[t˘1] // 0 .

For ρ P Hom(Z, k˚) = k˚, we get

C˚(ĂS1,k)bkZ kρ : 0 // k
ρ´1 // k // 0 ,

which is exact, except for ρ = 1, when H0(S1,k) = H1(S1, k) = k.
Hence: V0

1 (S
1,k) = V1

1 (S
1, k) = t1u and V i

s(S1, k) = H, otherwise.

EXAMPLE

Identify π1(Cztn pointsu) = Fn, and xFn = (k˚)n. Then:

V1
s (Cztn pointsu, k) =

$

&

%

(k˚)n if s ă n,
t1u if s = n,
H if s ą n.
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CHARACTERISTIC VARIETIES

1T

ρT ρ

/C

vs

1Tk /k

In general, though, the characteristic varieties of a space (or a group)
will depend on the characteristic of the ground field.

EXAMPLE

Let Γ = Fn ˚Zp, and identify pΓ = xFn ˆ xZp.

If char(k) ‰ p, then xZp = Hom(Zp,k˚) has order p, and

V1(Γ, k) =

#

pΓ if n ě 2,(
pΓzpΓ˝

)
Y t1u if n = 1 .

If char(k) = p, then xZp = t1u, and V1(Γ,k) = pΓ, for all n ě 1.
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FINITE ABELIAN COVERS

HOMOLOGY OF FINITE ABELIAN COVERS

Let X be a connected, finite-type CW-complex, and G = π1(X ).

Let A be a finite abelian group.

Every epimorphism χ : G Ñ A determines a regular, connected
A-cover X χ Ñ X .

Let k be a field, p = char(k). Assume p = 0 or p - |A|. Then

Hq(X χ,k) – Hq(X , k[A]) –
à

ρPpA

Hq(X , kρ).

Hence,

THEOREM (LIBGOBER, SAKUMA, HIRONAKA)

dimk Hq(X χ,k) =
ÿ

sě1

ˇ

ˇVq
s (X , k)X im(pχk)

ˇ

ˇ ,

where pχk : pAk Ñ pGk is the induced morphism between character groups.
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FINITE ABELIAN COVERS

Now suppose A is a finite cyclic group. Choose a generator α of A.

Let h = hα : X χ Ñ X χ be the monodromy automorphism.

Let h˚ : Hq(X χ, k)Ñ Hq(X χ,k) be the induced homomorphism.

Note: if ρ : G Ñ k˚ is a character belonging to im(pχk), there is a
unique character ιρ : A Ñ k˚ such that ρ = ιρ ˝ χ.

THEOREM

Assume char(k) - |A|. Then, the characteristic polynomial of the
algebraic monodromy, ∆k

χ,q(t) = det(t ¨ id´h˚), is given by

∆k
χ,q(t) =

ź

sě1

ź

ρPim(pχ)XVq
s (X ,k)

(t ´ ιρ(α)).

ALEX SUCIU (NORTHEASTERN) MILNOR FIBRATIONS OF ARRANGEMENTS AMS MEETING, BOULDER 12 / 27



FINITE ABELIAN COVERS

THEOREM

Let X χ Ñ X be a regular, finite cyclic cover, defined by an
epimorphism χ : π1(X ) � Zr . Suppose that im(pχC) Ę Vq

1 (X ,C), but
im(pχk) Ď Vq

1 (X , k), for some field k of characteristic p not dividing r .
Then Hq(X χ,Z) has non-zero p-torsion.

In order to apply this theorem, one needs to know both the
characteristic varieties over C and over k, and exploit the
qualitative differences between the two.
In a special situation, we only need to verify that a certain
condition on the first characteristic variety over C holds.

THEOREM

Suppose there is a character ρ : π1(X )Ñ C˚ which factors as
π1(X ) � Z ˚Zp � Z Ñ C˚, for some prime p, but ρ R V1(X ,C).
Then, for all sufficiently large integers r not divisible by p, there is a
regular, r -fold cyclic cover Y Ñ X such that H1(Y ,Z) has non-zero
p-torsion.
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ORBIFOLD FIBRATIONS

ORBIFOLD FIBRATIONS

Let Σg,r be a Riemann surface of genus g ě 0 with r ě 0 points
removed. Fix points q1, . . . ,qs on the surface, and assign integer
weights µ1, . . . , µs with µi ě 2.
The orbifold Σ = (Σg,r , µ) is hyperbolic if
χorb(Σ) := 2´ 2g ´ r ´

řs
i=1(1´ 1/µi) is negative.

A hyperbolic orbifold Σ is small if either Σ = S1 ˆS1 and s ě 2, or
Σ = C˚ and s ě 1; otherwise, Σ is large.
Let Γ := πorb

1 (Σg,r , µ), defined as

Γ =

B

x1, . . . , xg , y1, . . . , yg
z1, . . . , zs

ˇ

ˇ

ˇ

ˇ

[x1, y1] ¨ ¨ ¨ [xg , yg ]z1 ¨ ¨ ¨ zs = 1
zµ1

1 = ¨ ¨ ¨ = zµs
t = 1

F

(r = 0)

Γ = F2g+r´1 ˚Zµ1 ˚ ¨ ¨ ¨ ˚Zµs (r ą 0)

Then:

V1(Γ) =

$

’

&

’

%

pΓ if Σ is a large hyperbolic orbifold,(
pΓzpΓ˝

)
Y t1u if Σ is a small hyperbolic orbifold,

t1u otherwise.
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ORBIFOLD FIBRATIONS

Let X be a smooth, quasi-projective variety, and G = π1(X ).
A surjective, holomorphic map f : X Ñ (Σg,r , µ) is called an
orbifold fibration if the generic fiber is connected; the multiplicity of
the fiber over each marked point qi equals µi ; and f admits an
extension f̄ : X Ñ Σg with the same properties.
Such a map induces an epimorphism f7 : G � Γ, where
Γ = πorb

1 (Σg,s, µ), and thus a monomorphism pf7 : pΓ ãÑ pG.

THEOREM (ARAPURA + ACM + BW)

V1(X ) =
ď

f large

im(pf7)Y
ď

f small

(
im(pf7)z im(pf7)˝

)
Y Z ,

where Z is a finite set of torsion characters.

THEOREM

Suppose there is a small orbifold fibration f : X Ñ (Σ, µ) and a prime p
dividing each µi . Then, for all r " 0 with p - r , there is a regular, r -fold
cyclic cover Y Ñ X such that H1(Y ,Z) has non-zero p-torsion.
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MULTINETS

MULTINETS

DEFINITION (FALK AND YUZVINSKY)

A (k , `)-multinet (k ě 3, ` ě 1) on an arrangement A consists of:
A partition A = (A1, . . . ,Ak ).
An assignment of multiplicities on the hyperplanes, m : AÑ N.
A subset X Ď L2(A), called the base locus.

Moreover,
ř

HPAi
mH = `, for all i P [k ].

For any hyperplanes H and H 1 in different classes, H XH 1 P X .

For each X P X , the sum nX =
ř

HPAi : HĄX mH is independent of i .

For each i P [k ], the space
(
Ť

HPAi
H
)
zX is connected.

WLOG, we may assume gcdtmH | H P Au = 1. If all mH = 1, the
multinet is reduced. If, furthermore, every flat in X is contained in
precisely one hyperplane from each class, this is a net.
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MULTINETS

‚ ‚

‚

‚

x + z x ´ y

y + z

y ´ z

x ´ z x + y

FIGURE : A (3,2)-net on the A3 arrangement
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MULTINETS

y2

x2

z2

y ´ z

y + z

x ´ z x + z

x ´ y x + y

FIGURE : A (3,4)-multinet on the B3 arrangement
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MULTINETS

Let A be a (central) arrangement of hyperplanes in Cd+1.

Let M = Cd+1z
Ť

HPA H, and U = PM. Then M – U ˆC˚.

Identify H1(M,Z) = Zn, with basis the meridians txH | H P Au.

Let Hom(π1(M), k˚) = (k˚)n be the character torus.

Then V1(A) := V1(M) Ă (k˚)n is isomorphic to
V1(U) Ď tt P (k˚)n | t1 ¨ ¨ ¨ tn = 1u – (k˚)n´1.

THEOREM (FALK–YUZ, PEREIRA–YUZ, YUZVINSKY)

Each positive-dimensional, non-local component of V1(A) is of the
form ρT , where ρ is a torsion character, T = f ˚(H1(Σ0,k ,C˚)), for
some orbifold fibration f : M(A)Ñ (Σ0,k , µ), and either

k = 2, and f has at least one multiple fiber, or

k = 3 or 4, and f corresponds to a multinet with k classes on the
multiarrangement (A,m), for some m.
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MILNOR FIBERS

MILNOR FIBERS

Let (A,m) be a multi-arrangement with gcdtmH | H P Au = 1. Set
N =

ř

HPA mH .

The Milnor fiber Fm(A) is the regular ZN -cover of U(A) defined
by the homomorphism δm : π1(U(A)) � ZN , xH ÞÑ mH mod N.

If char(k) - N, then

dimk Hq(Fm(A),k) =
ÿ

sě1

ˇ

ˇ

ˇ
Vq

s (U(A),k)X im(xδm)
ˇ

ˇ

ˇ
.

The characteristic polynomial of the algebraic monodromy,
h˚ : Hq(Fm(A),k)Ñ Hq(Fm(A),k), is given by

∆k
h,q(t) =

ź

sě1

ź

ζPk˚ : ζN=1,
ζmPVq

s (U(A),k)

(t ´ ζ).
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MILNOR FIBERS

Not every regular, cyclic cover of a projective arrangement
complement arises through the Milnor fiber construction.
Nevertheless, the Milnor fibers dominate all other cyclic covers.

LEMMA

Let (A,m) be a multiarrangement, and let Uχ Ñ U be a regular, r -fold
cyclic cover of U = PM(A), given by χ : π1(U)Ñ Zr .

Uχ – Fm(A) if and only if, for some integer k relatively prime to
N =

ř

HPA mH , the least positive integers µH satisfying
k ¨ χ(xH) = µH mod N have the property that

ř

HPA µH = N, in
which case µ = m.
There exist infinitely many multiplicity vectors m for which the
covering projection F (A,m)Ñ U factors through Uχ. Moreover,
for any prime p - r , we may choose m so that the degree of
Q(A,m) is not divisible by p.
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DELETION

DELETION

A pointed multinet (M,H) on an arrangement A is a multinet structure
M = ((A1, . . . ,Ak ),m,X ), together with a distinguished hyperplane
H P A for which mH ą 1 and mH | nX for each X P X such that X Ă H.

LEMMA

Suppose A admits a pointed multinet, and set A1 = AztHu. Then
U(A1) supports a small pencil, and V1(A1) has a component which is
a 1-dimensional subtorus, translated by a character of order mH .

THEOREM

Suppose A admits a pointed multinet, with distinguished hyperplane H
and multiplicity m. Let p be a prime dividing mH . There is then a
choice of multiplicities m1 on the deletion A1 = AztHu such that
H1(Fm1(A1),Z) has non-zero p-torsion.
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POLARIZATION

POLARIZATION

} ÞÑ

Let A1 and A2 be arrangements in V1 and V2, defined by
polynomials Q1 =

ś

HPA1
fH and Q2 =

ś

HPA2
gH .

Fix H1 P A1 and H2 P A2. The parallel connection, A1H1
}H2

A2, is
the arrangement in V1 ˆV2 defined by the polynomial

fH1 ¨
ź

HPA1ztH1u

fH ¨
ź

HPA2ztH2u

gH P k[V ˚1 ]bk k[V ˚2 ]/(fH1 ´ gH2).

Falk and Proudfoot (2002): P(M1)ˆP(M2) – P(M1H1
}H2

M2).
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POLARIZATION

If (Ai ,Hi) are pointed arrangements and H P A1, we let

(A1,H1) ˝H (A2,H2) = (A1H}H2
A2,H1).

Let A = (tH1, . . . ,Hnu,m) be a multi-arrangement. The
polarization A }m is the iterated parallel connection

A ˝H1 PmH1
˝H2 ¨ ¨ ¨ ˝Hn PmHn

,

where Pk denotes a pencil of k lines in C2.

Note: rank(A }m) = rankA+ |tH P A : mH ě 2u|.

Let Pk = U(Pk ) – Cztk ´ 1 pointsu. Write P(A) =
ś

HPA PmH .
Then

U(A)ˆP(A) – U(A }m).
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POLARIZATION

Polarization construction works well with respect to Milnor fibrations:

Fm(A) //

��

F (A }m)

��
U(A) // U(A }m),

THEOREM

Suppose A admits a pointed multinet, with distinguished hyperplane H
and multiplicity m. Let p be a prime dividing mH . There is then a choice
of multiplicities m1 on the deletion A1 = AztHu such that Hq(F (B),Z)
has p-torsion, where B = A1}m1 and q = 1 +

ˇ

ˇ

 

K P A1 : m1
K ě 3

(ˇ

ˇ.
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POLARIZATION

EXAMPLE

Let A be reflection arrangement of type B3, with
Q(A) = xyz(x ´ y)(x + y)(x ´ z)(x + z)(y ´ z)(y + z).

Recall A supports a (3,4)-multinet.

Let A1 = Aztz = 0u be the deleted B3 arrangement.

Pick m1 = (8,1,3,3,5,5,1,1).

Let B = A1}m1, an arrangement of 27 hyperplanes in C8

Then H6(F (B),Z) has 2-torsion of rank 108.

∆C
6 (t) = (t ´ 1)11968, yet ∆F2

6 (t) = (t ´ 1)11968(t2 + t + 1)54.
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POLARIZATION
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